Linear programming provides
businesses and governments
with a mathematical form of
decision making that makes the
most efficient use of time and
resources. Telecommunications
companies use it to route calls
through satellites, like this one
being tested, so that few of
their customers will reach a “no
circuits available” message.

SYSTEMS OF LINEAR
EQUATIONS aND
INEQUALITIES

magine that you and a friend have a great idea for a new T-shirt. First you make a

few to give away to friends, using your own money. Then other students see the

shirt, and soon everyone on campus wants one. Suddenly, you have entered the T-

shirt business. To make a profit in your business, you need to keep track of the cost
of your materials, the quantity of shirts sold, and the price at which you sell them, a rela-
tively straightforward calculation.

Now suppose you come up with three other designs, and you want to put them on
sweatshirts as well as T-shirts, and you want to offer a variety of colors: black, white, blue,
and maroon. The equation for finding the profitability of your venture becomes more com-
plicated because there are more variables. To track your profits, you may need to develop
and solve systems of equations.

For most business owners, numerous factors must be considered to determine not only
whether the business is profitable, but also how much they should charge their customers,
which production method is most efficient, what return they can expect by placing adver-
tisements, and so on. Many small-business owners routinely make these calculations based
on their own experience, mathematics, and sometimes computer programs. Larger compa-
nies often employ inventory analysts, quality control engineers, and efficiency experts to
help them, along with computers, keep track of vast quantities of data.

382
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7.1 SYSTEMS OF LINEAR EQUATIONS

In Chapter 6, we discussed linear equations in two variables. In algebra, it is often
necessary to find the common solution to two or more such equations. We refer to the
equations in this type of problem as a system of linear equations or as simultaneous
linear equations. A solution to a system of equations is the ordered pair or pairs that
satisfy all equations in the system. A system of linear equations may have exactly one
solution, no solution, or infinitely many solutions. '

The solution to a system of linear equations may be found by a number of differ-
ent techniques. In this section, we illustrate how a system of linear equations may be
solved by graphing. In Section 7.2, we illustrate two algebraic methods, the substitu-
tion method and the addition method, for solving a system of linear equations.

-EXAMPLE 1 Is the Ordered Pair a Solution?
Determine which of the ordered pairs is a solution to the following system of linear

equations.

3x+y=—-6
DX =)

Il
|
~

| a) (1,-9) b) (=2,0) ) (2,8)

| SOLUTION: For the ordered pair to be a solution to the system, it must satisfy each
. equation in the system.

a) 3xFyi= =6 2x —y=—4
{ 3(1) = (=9) = =6 2(1) = (-9) = —4
l —6 = —6 True 11 = —4 False

Since (1, —9) does not satisfy both equations, it is not a solution to the system.

| b) 3x +y=—6 2 —y = —4
3(=2) + 0= -6 2(=2) = 0= -4
| —6 = —6. True —4 = —4 Tre

Since (—2, 0) satisfies both equations, it is a solution to the system.

l c) 3x+y=-6 2=t
| 3(2) + 8 = —6 2(2) — 8 =—4
» 14 = —6 Fralse —4 = —4 True

Y | Since (2, 8) does not satisfy both equations, it is not a solution to the system. 4

To find the solution to a system of linear equations graphically, we graph both of
the equations on the same axes. The coordinates of the point or points of intersection
of the graphs are the solution or solutions to the system of equations.




384 CHAPTER 7 SYSTEMS OF LINEAR EQUATIONS AND INEQUALITIES
xty=4 Dty i . i
— Procedure for Solving a System of Equations by Graphing
x 5%
i 4 1. Determine three ordered pairs that satisfy each equation.
0 4 0 1 2. Plot the ordered pairs and sketch the graphs of both equations on the same axes.
1 3 3. The coordinates of the point or points of intersection of the graphs are the solution |
4 0 =2 st or solutions to the system of equations. .

When two linear equations are graphed, three situations are possible. The two
lines may intersect at one point, as in Example 2; or the two lines may be parallel and
not intersect, as in Example 3; or the two equations may represent the same line, as in
Example 4.

Since the solution to a system of equations may not be integer values, you may
not be able to obtain the exact solution by graphing.

~EXAMPLE 2 A System with One Solution

' Find the solution to the following system of equations graphically.

| x+y=4
Figure 7.1 2x =y = —1

SOLUTION: To find the solution, graph both x + y = 4 and 2x — y = —1 on the
same axes (Fig. 7.1). Three points that satisfy each equation are shown in the tables

] s - above Fig. 7.1. Figure 7.2 shows the system x + y = 4 and 2x — y = —1 graphed
Z {' . on a Texas Instrument TI-83 Plus graphing calculator.
(?" : The graphs intersect at (1, 3), which is the solution. This point is the only point
2 5 . p
, 7 ] - that satisfies borh equations.

/ Check: x+ty=4 2T
Figure 7.2 1+3=4 2(1) =3 = -1
4 =4 True 2—3=-1

; — 1 = —1 True A

The system of equations in Example 2 is an example of a consistent system of
equations. A consistent system of equations is one that has a solution.

~-EXAMPLE 3 A System with No Solution

. Find the solution to the following system of equations graphically.

S 2x+y=3
2xvhay EiS=1i0

SOLUTION: Three ordered pairs that satisfy the equation 2x + y = 3 are (0, 3),
(3,0), and (—1, 5). Three ordered pairs that satisfy the equation 2x + y + 5 = 0
are (0, —5), (—3,0), and (1, —7). The graphs of both equations are given in Fig. 7.3.
Since the two lines are parallel, they do not intersect; therefore, the system has no
Figure 7.3 |_solution. A




7.1 Systems of Linear Equations 385

4.6)
y=12x+4

1,23 4 5%

Figure 7.4

The system of equations in Example 3 has no solution. A system of equations that
has no solution is called an inconsistent system.

~EXAMPLE 4 A System with an Infinite Number of Solutions

- Find the solution to the following system of equations graphically.

.

1
’ y=—2—x+4
2y =x + 8

SOLUTION: Three ordered pairs that satisfy the equation y = 5x + 4 are (0, 4),
(2,5), and (=2, 3). Three ordered pairs that satisfy the equation 2y = x + 8 are

% (—8,0), (4, 6), and (—4, 2). Graph the equations on the same axes (Fig. 7.4). Be-

. cause all six points are on the same line, the two equations represent the same line.

| Therefore, every ordered pair that is a solution to one equation is also a solution to
the other equation. Every point on the line satisfies both equations; thus, this system

| has an infinite number of solutions. Solving the second equation for y reveals that

&

| the equations are equivalent. F

When a system of equations has an infinite number of solutions, as in Example 4,
it is called a dependent system. Note that a dependent system is also a consistent sys-
tem, since it has a solution.

Figure 7.5 summarizes the three possibilities for a system of linear equations.

Consistent Inconsistent Dependent

Y ¥ / W
Line 1 i

Line 2 Line y
/

et bl

One solution No solution Infinite number
of solutions

Figure 7.5

~ In Chapter 6 we introduced modeling. Recall that a mathematical model is an
equation or system of equations that represents a real-life situation. In Examples 5
and 6 we develop equations that model a real-life situation.

~EXAMPLE 5 MODELING - A Landscape Service Application

Tom’s Tree and Landscape Service charges a consultation fee of $200 plus $50 per
hour for labor for landscaping. Lawn Perfect Landscape Service charges a consulta-
- tion fee of $300 plus $25 per hour for labor for landscaping.
| a) Writea system of equations to represent the cost, C, of the two landscaping serv-
ices, each with 4 hours of labor.

b) Graph both equations on the same axes and determine the number of hours
needed for both services to have the same cost.
' c) If the Johnsons need 7 hours of landscaping service done at their home, which
service is less expensive?
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Total revenue and total cost ($)

Break-even point

Total revenue

Total cost

|
|
|
|
|
|
|
|
|

Figure 7.7

Number of units

| SOLUTION: Let 2 = the number of hours of labor. The total cost of each service is
| the consultation fee plus the cost of the labor.

a) Tom’s Tree and Landscape Service: C = 200 + 50k
Lawn Perfect Landscape Service: C =300 + 25h

b) We graphed the cost, C, versus the number of hours of labor, £, for 0 to 10 hours
(Fig. 7.6). On the graph, the lines intersect at the point (4, 400). Thus, for 4 hours
| of service, both services would have the same cost, $400.

Tom’s Tree and

900 Landscape Service
800 C =200+ 50h
700
Z 600
z 500 Lawn Perfect
O 400 : Landscape Service
300 } | C =300 + 25h
200 ! i
| 100 I '
| | I ! | I I !
T T T T T T T T T T ﬁ
1 2 3 -+ 5 6 7 8 9 10
| Number of hours of labor
Figure 7.6

- ¢) The graph shows that for more than 4 hours, Lawn Perfect is the least expensive
service. Thus, for 7 hours, Lawn Perfect is less expensive than Tom’s Tree and
. Landscape Service. F

Manufacturers use a technique called break-even analysis to determine how
many units of an item must be sold for the business to “break even,” that is, for its to-
tal revenue to equal its total cost. Suppose we let the horizontal axis represent the
number of units manufactured and sold and the vertical axis represent dollars. Then
linear equations for cost, C, and revenue, R, can both be sketched on the same axes
(Fig. 7.7). Both C and R are expressed in dollars and both are a function of the num-
ber of units.

Initially, the cost graph is higher than the revenue graph because of fixed (over-
head) costs such as rent and utilities. During low levels of production the manufac-
turer suffers a loss (the cost graph is greater). During higher levels of production the
manufacturer realizes a profit (the profit graph is greater). The point at which the two
graphs intersect is called the break-even point. At that number of units sold revenue
equals cost, and the manufacturer breaks even.

-EXAMPLE 6 MODELING - Profit and Loss in Business

At a collectibles show, Richard Lane can sell model cars for $25. The costs for
making the cars are a fixed cost of $150 and a production cost of $10 apiece.

a) How many model cars must Richard sell to break even?

b) Determine whether Richard makes a profit if he sells 12 model cars. What is the
profit or loss?

| ¢) How many model cars must Richard sell to make a profit of $450?
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| SOLUTION:
a) Let x denote the number of model cars made and sold. The revenue is given by

b

~

c)

the equation
R = 25x ($25 times the number of units)

and the cost is given by the equation
C = 150 + 10x ($150 plus $10 times the number of units)

The break-even point is the point at which the revenue and cost graphs intersect.
In Fig. 7.8, the graphs intersect at the point (10, 250), which is the break-even
point. Thus, for Richard to break even, he must sell 10 model cars. When 10
model cars are made and sold the cost and revenue are both $250.

y

2 300+

§ 250 + C=150+ 10x 710, 250)

%’ 200 +

5 150 R=25x r
S 100+

S 509

2T g P gl i MR
Number of model cars
Figure 7.8

Examining the graph we can see that if Richard sells 12 model cars he will have
a profit, P, which is the revenue minus the cost. The profit formula is

P=R-C
= 25x — (150 + 10x)
= 25x — 150 — 10x
= 15x — 150

Thus, for 12 model cars,

P

Il

15x — 150
15(12) — 150 = 30

Richard has a profit of $30 if he sells 12 model cars.

We can determine the number of model cars that Richard must sell to have a
profit of $450 by using the profit formula. Substituting 450 for P we have
P = 15x — 150
450 = 15x — 150
600 = 15x
40 = x

Thus, Richard must sell 40 model cars to make a profit of $450. A
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TIMELY TIP Following is a summary of the different types of systems of linear
equations.

* A consistent system of equations is one that has a solution.
* An inconsistent system of equations is one that has no solution.
* A dependent system of equations is one that has an infinite number of solutions.

L/

7.2 SECTION 7.1

EXERCISES

Concept/Writing Exercises as a solution, state whether the system is inconsistent or

1. What is a system of linear equations? dependent.
2. What is the solution to a system of linear equations? 17.x =2 18. y = 1
3. Define a consistent system of equations. y=—-x—-3 y=x+2
4. Define a dependent system of equations. 19.y=3x — 6 20 x +y=4
5. Define an inconsistent system of equations. y=-x+6 —x+y=2
6. Outline the procedure for solving a system of equations by 21.x + 2y = 8 22.3x—y=1 .
graphing. ) ] ] 2% — 3y =2 4x — 3y =3
7. If a system of linear equations has no sgluthn, what does 98, 95 +9 =3 MU.y=2x—4
that mean about the graphs of the equations in the system?
. . . 2y = 6 — 4x 2x +y=0
8. If a system of linear equations has one solution, what does
that mean about the graphs of the equations in the system? 2B.y=x+3 26. x =1
9. If a system of linear equations has an infinite number of pre=rl x+y+3=0
solutions, what does that mean about the graphs of the 27. 2x = y.='=3 28.3x + 2y =6
equations in the system? 2x+y=—9 6x + 4y = 12
10. tC_an Z'l)sgSte]n'l of linear equations have exactly two solu- 29. 2x — 3y = 12 30y =1x—4
ions? Explain. Byt Tl Sipeatipl =k
—_— _l —_ =
Practice the Skills 3Ly=—5x+2 32.2(x = 1) +2y=0
.l L it i =
In Exercises 11 and 12, determine which ordered pairs are et 4‘ r o 2(.'\} 2) 0
solutions to the given system. 33. a) If the two lines in a system of equations have different

1. y=2x—-6 (3,00 (2,-2) (1,2)
y==x+3

2. x+2y=6 (-2,4) (2,2) (3,-9)
x =3y =—6

In Exercises 1316, solve the system of equations graphi-

cally.

13. x =1 14. x = -3
y=4 y=3

15. x =4 16. x = =5
¥ =i—3 y=3

In Exercises 17-32, solve the system of equations graphi-
cally. If the system does not have a single ordered pair

34.

slopes, how many solutions will the system have?
Explain your answer.

b) If the two lines in a system of equations have the same
slope but different y-intercepts, how many solutions
will the system have? Explain.

¢) If the two lines in a system of equations have the same
slope and the same y-intercept, how many solutions
will the system have? Explain.

Indicate whether the graph shown represents a consistent,
inconsistent, or dependent system. Explain your answer.

a) y

Line 1

\ %
Line 2

i ]

y




b) y

\
oy

©) y

Line2 X

Line 1 and

Liry/
/ x

In Exercises 3546, determine without graphing whether
the system of equations has exactly one solution, no solu-
tion, or an infinite number of solutions. (Consider your
answers to Exercise 33.)

35.2x —y=6 36.3x + 4y =8
y=2x—6 8y = —6x + 4
37.3x —4y =5 38.x +3y =26
x — 8y =10 3x+y=4
39.3x +y=7 40. x + 4y = 12
y=-3x+9 x=4y +3
41.2x — 3y =6 42. x — 2y =6
x—32y=3 x+2y=4
43.3x = 6y + 5 44. 3y = 6x + 4
y=3x—3 —2x+y=%
45. 12x — 5y =4 46. 4x + Ty = 2
3x +4y =6 4x =6 + Ty

Problem Solving

Two lines are perpendicular when they meet at a right
angle (a 90° angle). Two lines are perpendicular to each

other when their slopes are negative reciprocals of each
1

other. The negative reciprocal of 2 is —5, the negative recip-

3. 3 5
rocal of 5 is —1/(3) or —3, and so on. If a represents any

real number, except 0, its negative reciprocal is —1/a. Note

that the product of a number and its negative reciprocal is
—1. In Exercises 47-50, determine, by finding the slope of
each line, whether the lines will be perpendicular to each
other when graphed.

47. 5y — 2x =15 48.4y — x =6
2y i =2 y=x+8
49.2x +y=3 50. 6x + 5y =3
2y = x=15 =10x =2 Fi2y
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In Exercises 51-55, part of the question involves determin-
ing a system of equations that models the situation.

51.

52,

53.

MODELING - Landscaping Revisited In Example 5, as-
sume that Tom’s Tree and Landscape Service charges $200
for a consultation fee plus $60 per hour for labor and that
Lawn Perfect Landscape Service charges $305 for a con-
sultation fee plus $25 per hour for labor.

a) Write the system of equations to represent the cost of
the two landscaping services.

b) Graph both equations for O to 10 hours on the same axes.

¢) Determine the number of hours of landscaping that
must be used for both services to have the same cost.

MODELING - Security Systems Tamika Dixon plans to in-

stall a security system in her house. She is considering two

security companies: ABC Security and SafeHomes Secu-

rity. ABC’s system costs $3380 to install and their moni-

toring fee is $18 per month. SafeHomes equivalent system

costs only $2302 to install but their monitoring fee is $29

per month.

a) Write a system of equations to represent the cost of
each system.

b) Graph both equations (for up to and including 180
months) on the same axes.

¢) Determine the number of months the service must be
used for both companies to have the same cost.

d) If both companies guarantee not to raise monthly fees
for 10 years, and if Tamika plans to use the system for
10 years, which system would be less expensive?

MODELING - Selling Backpacks Benjamin’s Backpacks
can sell backpacks for $25 per backpack. The costs for
making the backpacks are a fixed cost of $400 and a pro-
duction cost of $15 per backpack (see Example 6 for an
example of cost and revenue equations).

a) Write the cost and revenue equations.
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4.

DA,

56.

CHAPTER 7 SYSTEMS OF LINEAR EQUATIONS AND INEQUALITIES

b) Graph both equations, for 0 to 50 backpacks, on the
same axes.

¢) How many backpacks must Benjamin’s Backpacks sell
to break even?

d) Write the profit formula.

e) Determine whether Benjamin’s Backpacks makes a
profit or loss if it sells 30 backpacks. What is the profit
or loss?

f) How many backpacks must Benjamin’s Backpacks sell
to realize a profit of $1000?

MODELING - Purchasing Stocks When buying or selling

stock for a customer, the Mark Demo Agency charges $40

plus 8 cents per share of stock purchased or sold. Andy

Harris and Associates charges $15 plus 18 cents per share

of stock purchased or sold.

a) Write a system of equations to represent the cost of
purchasing or selling stock with each company.

b) Graph both equations (for up to and including 350
shares of stock) on the same axes.

¢) Determine the number of shares of stock that must be
purchased or sold for the total cost to be the same.

d) If 300 shares of stock are to be purchased, which firm
would be less expensive?

MODELING - Manufacturing DVD Players A manufac-
turer sells a certain DVD player for $225 per unit. Manu-
facturing costs consist of a fixed cost of $8400 and a
production cost of $155 per unit.
a) Write the cost and revenue equations.
b) Graph both equations (for up to and including
150 units) on the same axes.
¢) How many units must the manufacturer sell to break
even?
d) Write the profit formula.

e) What is the manufacturer’s profit or loss if 100 units are

sold?
f) How many units must the manufacturer sell to make a
profit of $1260?

Explain how you can determine whether a system of two
linear equations will be consistent, dependent, or inconsis-
tent without graphing the equations.

Challenge Problems/Group Activities

7.

MODELING - Job Offers Hubert Hotchkiss had two job
offers for sales positions. One pays a salary of $300 per
week plus a 15% commission on his dollar sales volume.
The second position pays a salary of $450 per week with
no commission.

58.

59.

a) For each offer, write an equation that expresses the
weekly pay.

b) Graph the system of equations and determine the
solution.

¢) For what dollar sales volume will the two offers result
in the same pay?

MODELING- Long Distance Calling

a) In March 2002, an AT&T One Rate Plan charged 7
cents per minute for long-distance calls with a monthly
fee of $3.95. The Sprint Nickel Anytime Plan charged 5
cents per minute for long-distance calls with a monthly
fee of $8.95. Write an equation to determine the
monthly cost for long-distance service with the AT&T
One Rate Plan, and write an equation to determine the
monthly cost for long-distance service with the Sprint
Nickel Anytime Plan.

b) Graph the system of equations and determine the
solution.

¢) After how many minutes will the cost for the two long-
distance service plans be the same?

Points of Intersection a) If two lines have different
slopes, what is the maximum possible number of points of
intersection?

b) If three lines all have different slopes, what is the maxi-
mum possible number of points of intersection?

¢) If four lines all have different slopes, what is the maxi-
mum possible number of points of intersection?

d) If five lines all have different slopes, what is the maxi-
mum possible number of points of intersection?

e) Is there a pattern in the number of points of intersec-
tion? If so, explain the pattern. Use the pattern to deter-
mine the maximum possible number of points of inter-
section for six lines.

Recreational Mathematics

60.

Connect all the following points using exactly four straight
line segments. Do not lift your pencil off the paper.

Internet/Research Activity

61.

The Rhind Papyrus indicates that the early Egyptians used
linear equations. Do research and write a paper on the
symbols used in linear equations and the use of the linear
equations by the early Egyptians. (References include
history of mathematics books, encyclopedias, and the
Internet.)
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7.2 SOLVING SYSTEMS OF EQUATIONS
BY THE SUBSTITUTION AND
ADDITION METHODS

Having solved systems of equations by graphing in Section 7.1, we are now ready to
learn two other methods used to solve systems of linear equations: the substitution
method and the addition method. We now discuss the substitution method.

Substitution Method

Procedure for Solving a System of Equations
Using the Substitution Method

1. Solve one of the equations for one of the variables. If possible, solve for a variable
with a numerical coefficient of 1. By doing so, you may avoid working with frac-
tions.

2. Substitute the expression found in step 1 into the other equation. This step yields
an equation in terms of a single variable.

3. Solve the equation found in step 2 for the variable.

4. Substitute the value found in step 3 into the equation you rewrote in step 1 and
solve for the remaining variable.

Examples 1, 2, and 3 illustrate the substitution method. These systems of equations
are the same as in Examples 2, 3, and 4 in Section 7.1.

EXAMPLE 1 A Single Solution, by the Substitution Method
Solve the following system of equations by substitution.
x+y=4
2 =rpi=T=]

SOLUTION: The numerical coefficients of the x and y terms in the equation
x + y = 4 are both 1. Thus, we can solve this equation for either x or y. Let’s solve
for x in the first equation.

STep 1.

x+y=4

Xx+y—y=d4—y Subtract y from both sides of the

equation.
x=4-y

- Step 2. Substitute 4 — y for x in the other equation.
2x —y=-—1
= sty ok
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Step 3. Now solve the equation for y.

8= Zy T =1 Distributive property
8 —3y=-1
8 —8—3y=—1—8 Subtrz_ictSfrom both sides of the
equation.

=3y = —9

—3y ol "_9 Divide both sides of the equation

T Ly by —3.

¥.=08

Step 4. Substitute y = 3 in the equation solved for x and determine the value of x.

x=4—-y
x=4-—-3
=1

Thus, the solution is the ordered pair (1, 3). This answer checks with the solution
. obtained graphically in Section 7.1, Example 2. A

TIMELY TIP When solving a system of equations, once you successfully solve
for one of the variables, make sure you solve for the other variable. Remember that
a solution to a system of equations must contain a numerical value for each vari-
able in the system.

~-EXAMPLE 2 No Solution, by the Substitution Method

Solve the following system of equations by substitution.
| 2x +y=3
2x Ay F 5 =0
SOLUTION: Solve for y in the first equation.
2x +y=3
Dy =D Y =3 = D Subtract 2x from both sides
Y of the equation.
w=3i= 2%

Now substitute 3 — 2x in place of y in the second equation.

2x+y+5=0
g 2+ (3-2)+5=0
2%-+3 =1k 5 =10

8 = 0 ralse

. Since 8 cannot be equal to 0, there is no solution to the system of equations. Thus,
. the system of equations is inconsistent. This answer checks with the solution ob-
| tained graphically in Section 7.1, Example 3. E S

%
g
é
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When solving Example 2, we obtained 8 = 0 and indicated that the system was
inconsistent and that there was no solution. When solving a system of equations, if
you obtain a false statement, such as 4 = 0 or —2 = 0, the system is inconsistent and
has no solution.

~EXAMPLE 3 An Infinite Number of Solutions, by the Substitution Method

. Solve the following system of equations by substitution.

i

Il

1
y=—x+4
PTe
2y =x + 8

SOLUTION: The first equation y = 3 x + 4 is already solved for y, so we will sub-
| stitute 3x + 4 for y in the second equation.

% 2y =x+ 8
1
| o(gera)=xrs
x+8=x+8 Distributive property

x—x+ 8=x—x+ 8 AddBtoboth sides of equation
8 =28 True

- Since 8 equals 8, the system has an infinite number of solutions. Thus, the system
of equations is dependent. This answer checks with the solution obtained in Section
| 7.1, Example 4. F \

When solving Example 3, we obtained 8 = 8 and indicated that the system was
dependent and had an infinite number of solutions. When solving a system of equa-
tions, if you obtain a true statement, such as 0 = 0 or 8 = 8, the system is dependent
and has an infinite number of solutions.

Addition Method

If neither of the equations in a system of linear equations has a variable with a coeffi-
cient of 1, it is generally easier to solve the system by using the addition (or
elimination) method.

To solve a system of linear equations by the addition method, it is necessary to
obtain two equations whose sum will be a single equation containing only one vari-
able. To achieve this goal, we rewrite the system of equations as two equations where
the coefficients of one of the variables are opposites (or additive inverses) of each
other. For example, if one equation has a term of 2x, we might rewrite the other equa-
tion so that its x term will be —2x. To obtain the desired equations, it might be neces-
sary to multiply one or both equations in the original system by a number. When an
equation is to be multiplied by a number, we will place brackets around the equation
and place the number that is to multiply the equation before the brackets. For exam-
ple, 4[2x + 3y = 6] means that each term on both sides of the equal sign in the equa-
tion 2x + 3y = 61is to be multiplied by 4:

42x + 3y = 6] gives 8x + 12y = 24.

This notation will make our explanations much more efficient and easier for you to
follow.
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DID YOU KNOW

How- to Succeed,

i Business

I Economics, a science dependent

on mathematics, dates back to

just before the Industrial Revolution
of the eighteenth century. Technolo-
gies were being invented and ap-

plied to the manufacture of cloth, |

iron, transportation, and agriculture.
These new technologies led to the
development of mathematically based

economic models. French economist

Jules Dupuit (1804-1866) suggested
a method to calculate the value of
railroad bridges; Irish economist
Dionysis Larder (1793-1859) showed
railroad companies how to structure
their rates so as to increase their
profits.

Procedure for Solving a System of Equations
by the Addition Method
1. If necessary, rewrite the equations so that the variables appear on one side of the
equal sign and the constants appear on the other side of the equal sign.

2. If necessary, multiply one or both equations by a constant(s) so that when you add
the equations, the result will be an equation containing only one variable.

3. Add the equations to obtain a single equation in one variable.
4. Solve the equation in step 3 for the variable.

5. Substitute the value found in step 4 into either of the original equations and solve
for the other variable.

T

-EXAMPLE 4 Eliminating a Variable by the Addition Method

Solve the following system of equations by the addition method.
x+y=5
2x —y =1

.

SOLUTION: Since the coefficients of the y terms, 1 and —1, are additive inverses,
the sum of the y terms will be zero when the equations are added. Thus, the sum of

. the two equations will contain only one variable, x. Add the two equations to obtain
. one equation in one variable. Then solve for the remaining variable.

x+y=35
2x —y =17
Shi =12

x=4

Now substitute 4 for x in either of the original equations to find the value of y.

x+y=35
4+y=5
el

The solution to the system is (4, 1). A

~-EXAMPLE 5 Multiplying by —1 in the Addition Method

Solve the following system of equations by the addition method.
x+3y=9
X5 29 =5

SOLUTION: We want the sum of the two equations to have only one variable. We
can eliminate the variable x by multiplying either equation by —1 and then adding.

- We will multiply the first equation by —1.

—1[x + 3y = 9]
x+2y=15

gives T Syi=aT9

x+2y=15
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We now have a system of equations equivalent to the original system.
Now add the two equations.

=3 = By="—0

X Bh=aeS

e
y=4

Now we solve for x by substituting 4 for y in either of the original equations.

x+3y=9

x+3(4)=9

x+12=9
n=—3

f?gm

| The solution is (=3,4).

~-EXAMPLE 6 Multiplying One Equation in the Addition Method

Solve the following system of equations by the addition method.

4x +y=6
3x +2y =7

| SOLUTION: We can multiply the top equation by —2 and then add the two equations
to eliminate the variable y.

—2[4x + y = 6] gives =8x— 2y =—12
Ix+2y=7 It 2y=- T
—Bx— 2y =i—12
Ix+2y= 7
5y = -5 i
x=1 1

Now we find y by substituting 1 for x in either of the original equations. 1 ‘L

4x+y=6 \
4(1) +y=6 “\
44+y=6 |
y =2
The solution is (1, 2). A

Note that in Example 6 we could have eliminated the variable x by multiplying
the top equation by 3 and the bottom equation by —4, then adding. Try this method
now.
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~-EXAMPLE 7 Multiplying Both Equations

Solve the following system of equations by the addition method.

3x —4y =28
2x + 3y =9

SOLUTION: In this system, we cannot eliminate a variable by multiplying only one
equation by an integer value and then adding. To eliminate a variable, we can multi-
ply each equation by a different number. To eliminate the variable x, we can multi-
ply the top equation by 2 and the bottom by —3 (or the top by —2 and the bottom
by 3) and then add the two equations. If we want, we can instead eliminate the vari-
able y by multiplying the top equation by 3 and the bottom by 4 and then adding the
two equations. Let’s eliminate the variable x.

2[3x — 4y = 8] gives 6x — 8y = 16
=3[2x + 3y = 9] gives =6xi—= "9y = =27
6x — 8y = 16
—0x =9y = 727
—17y = —11

i
=t

We could now find x by substituting {5 for y in either of the original equations. Al-
though it can be done, it gets messy. Instead, let’s solve for x by eliminating the vari-
able y from the two original equations. To do so, we multiply the first equation by 3
and the second equation by 4.

3[3x — 4y = 8] gives 9x — 12y = 24
42x + 3y = 9] gives 8x + 12y = 36

9x — 12y = 24
8x + 12y = 36
17x = 60
60
=7
The solution to the system is (53, 7). A

When solving a system of linear equations by either the substitution or the addi-
tion method, if you obtain the equation 0 = 0 it indicates that the system is dependent
(both equations represent the same line; see Fig. 7.4 on page 385), and there are an in-
finite number of solutions. When solving, if you obtain an equation such as 0 = 6, or
any other equation that is false, it means that the system is inconsistent (the two equa-
tions represent parallel lines; see Fig. 7.5 on page 385), and there is no solution.

?

-EXAMPLE 8 MODELING - When Are Repair Costs the Same?

- Melinda Melendez needs to purchase a new radiator for her car and have it installed
' by a mechanic. She is considering two garages: Steve’s Repair and Greg’s Garage.
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| At Steve’s Repair, the parts cost $200 and the labor cost is $50 per hour. At Greg’s
. Garage, the parts cost $375 and the labor cost is $25 per hour. How many hours
. would the repair need to take for the total cost at each garage to be the same?

| SOLUTION: We are asked to find the number of hours the repair would need to
take for each garage to have the same total cost, C. First write a system of equa-
| tions to represent the total cost for each of the garages. The total cost consists of
. the cost of the parts and the labor cost. The labor cost depends on the number of
hours of labor.

Let x = the number of hours of labor.

Total cost = cost of parts + labor cost
Steve’s Repair: C = 200 + 50x
Greg’s Garage: C = 375 + 25x

~ We want to determine when the cost will be the same, so we set the two costs equal
| to each other (substitution method) and solve the resulting equation.

200 + 50x = 375 + 25x
200 — 200+ 50x = 375 — 200 + 25x  Subtract 200 from both
sides of the equation.
50x = 175 + 25x

SO0x — 25x. = 1754+ 25% — 25% S.ubtract 25xfromvboth
sides of the equation.

25x = 175
& L ﬁ Divide both sides of the
25 25 equation by 25.
x =17

Thus, for 7 hours of labor, the cost at both garages would be the same. If we con-
struct a graph (Fig. 7.9) of the two cost equations, the point of intersection is
(7, 550). If the repair were to require 7 hours of labor, the total cost at either garage
- would be $550.

L

Csteve's = 200 + 50x

(7, 550)
Cireg's = 375 + 25x

Total cost ($)
n
S
S

T
11 3. B e 5h 6 T ol 9 0%
Number of hours of labor

Figure 7.9 A

~EXAMPLE 9 MODELING - A Mixture Problem

| Karen Guardino, a pharmacist, needs 500 milliliters (m€) of a 10% phenobarbital
| solution. She has only a 5% solution and a 25% solution available. How many mil-
. liliters of each solution should she mix to obtain the desired solution?
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SOLUTION: First we set up a system of equations. The unknown quantities are the
amount of 5% solution and the amount of the 25% solution that must be used. Let

x = number of m¢€ of 5% solution
y = number of m€ of 25% solution

We know that 500 m¢ of solution are needed. Thus,
x +y =500

The total amount of phenobarbital in a solution is determined by multiplying the
percent of phenobarbital by the number of milliliters of solution. The second equa-
tion comes from the fact that

Total amount of total amount of total amount of
phenobarbital in | + | phenobarbital in | = | phenobarbital
5% solution 25% solution in 10% mixture
0.05x + 0.25y = 0.10(500)
or 0.05x + 0.25y = 50

The system of equations is

x +y =500
0.05x + 0.25y = 50
Let’s solve this system of equations by using the addition method. There are various
ways of eliminating one variable. To obtain integer values in the second equation,
we can multiply both sides of the equation by 100. That will result in an x-term of
5x. If we multiply both sides of the first equation by —35, that will result in an x-term
of —5x. By following this process, we can eliminate the x-terms from the system.
—5[x + y = 500] gives —5x — Sy = —2500
100[0.05x + 0.25y = 50] gives 5x + 25y = 5000

—5x — 5y = —2500
Sx + 25y = 5000

20y = 2500
@ _ 1372500
20 20
y =125
Now we determine x.

x +y =500
x + 125 = 500
x = 375

Therefore, 375 m{ of a 5% phenobarbital solution must be mixed with 125 m{ of a
25% phenobarbital solution to obtain 500 m¢ of a 10% phenobarbital solution. &

Example 9 can also be solved by using substitution. Try to do so now.
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/-~ SECTION 7.2 EXERCISES

Concept/Writing Exercises

1. In your own words, explain how to solve a system of linear
equations by using the addition method.

2. In your own words, explain how to solve a system of linear
equations by using the substitution method.

3. How will you know, when solving a system of linear equa-
tions by either the substitution or the addition method,
whether the system is dependent?

4. How will you know, when solving a system of linear equa-
tions by either the substitution or the addition method,
whether the system is inconsistent?

5. When solving the following system of equations by the
substitution method, which variable, in which equation,
would you choose to solve for in order to make the solu-
tion easier? Explain your answer. Do not solve the system.

x+3y=3
3x +4y = —1

6. When solving the following system of equations by the ad-
dition method, what will your first step be in solving the
system? Explain your answer. Do not solve the system.

2x +y =206
3x +3y=9

Practice the Skills

In Exercises 7-24, solve the system of equations by the
substitution method. If the system does not have a single
ordered pair as a solution, state whether the system is
inconsistent or dependent.

Toy=x+17 8.y=3x+7
Y = i e Db
9.2x + 4y =8 10. y + 3x = 7
2x =y =2 2x + 3y = 14
11.y —x =4 120% -+ fye=3
x—y=3 y+x=5
13.3y + 2x = 4 14. x = 5y — 12
3y=6 —x x—y=0
50y = 2x="3 16. y =2
2y =4x + 6 y+x+3=0
7ex = y:+3 18. x + 2y =
x = -3 y=2x+3
19.y +3x—4=0 20. x + 4y =17
2x —y=1 2x + 3y =5

2l.x =2y + 3 22. x + 4y =9
¥».=3% =1 2% 1= Pe=16.=10

23.yi= =2x +£°3 24.2x +y =12
dx+2y =12 1 =555 e

In Exercises 25—40, solve the system of equations by the ad-
dition method. If the system does not have a single ordered
pair as a solution, state whether the system is inconsistent
or dependent.

25.3x +y ="10 26. x + 2y =9
4x —y =4 x =2y = =3
27.x + y =10 28.3x + y =10
x=2y = =2 —3x +2y = —16
29.2x —y = —4 30. x +y=6
3% 5. =26 B2t eyi—i—3
31.'4x+ 3y ==l 32.2x +y=6
2x =ty =g 3x+y=5
33.2x + y= 14 34. 5x — 2y = 11
x + 3y =18 8%k 2y. = 1
35.3x —4y =11 36.4x — 2y = 6
3x + Sy == 4y = 8x — 12
37.4x + y =6 38.2x + 3y =6
—8x'=2y ="13 5x —4y = =8
39.3x — 4y =10 40. 6x + 3y =7
5x + 3y =7 5+ 2y =19

Problem Solving

In Exercises 41-52, write a system of equations that can be
used to solve the problem. Then solve the system and deter-
mine the answer.

41. MODELING - Owning a Business Sosena Milion can join a
small business as a full partner and receive a salary of
$12,000 per year plus 15% of the year’s profit, or she can
join as a sales manager with a salary of $27,000 per year
plus 5% of the year’s profit. What must the year’s profit be
for her total earnings to be the same whether she joins as a
full partner or as a sales manager?

42. MODELING - Mortgage Refinancing In January 2003,
mortgage rates were very low so Wayne Morganstein con-
sidered refinancing his mortgage. The cost of refinancing
his mortgage would include a one-time charge of $1600.
With the reduced mortgage rate, his monthly interest and
principal payments would be $780. At the higher interest
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45.
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47.
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rate he currently has, his interest and principal payments

are $980 per month.

a) Determine how many months it will take until both
mortgage plans would have the same total cost.

b) If Wayne plans to remain in his house for exactly 6 years,
which mortgage plan would result in a lower total cost?

MODELING - Pizza Orders Pizza Corner sells medium and
large specialty pizzas. A medium Meat Lovers pizza costs
$10.95, and a large Meat Lovers pizza costs $14.95. One
Saturday a total of 50 Meat Lovers pizzas were sold, and
the receipts from the Meat Lovers pizzas were $663.50.
How many medium and how many large Meat Lovers
pizzas were sold?

MODELING - Basketball Game The University of Ten-
nessee women'’s basketball team made 45 field goals in a
recent game; some were 2-pointers and some were 3-
pointers. How many 2-point baskets were made and how
many 3-point baskets were made if Tennessee scored 101
points?

MODELING - Chemical Mixture Antonio Gonzalez is a
chemist and needs 10 liters (€) of a 40% hydrochloric acid
solution. He discovers he is out of the 40% hydrochloric
acid solution and does not have sufficient time to reorder.
He checks his supply shelf and finds he has a large supply
of both 25% and 50% hydrochloric acid solutions. He de-
cides to use the 25% and 50% solutions to make 10 € of a
40% solution. How many liters of the 25% solution and of
the 50% solution should he mix?

MODELING - A Milk Mixture The Guidas own a dairy.
They have milk that is 5% butterfat and skim milk without
butterfat. How much of the 5% milk and how much of the
skim milk should they mix to make 100 gal of milk that is
3.5% butterfat?

MODELING - Choosing a Copy Service Lori Lanier re-
cently purchased a high-speed copier for her home office
and wants to purchase a service contract on the copier. She
is considering two sources for the contract. The Economy
Sales and Service Company charges $18 a month plus 2
cents per copy. Office Superstore charges $24 a month but
only 1.5 cents per copy. How many copies would Lori

48.

49.

50.

51

52.

need to make for the monthly costs of both plans to be the
same?

MODELING - Cellular Phone Plans Rich Gratien is con-
sidering two cellular phone plans. Both plans offer 300
free minutes each month. Cingular Home 300 Plan charges
$30 per month plus 45 cents for each additional minute af-
ter 300 minutes. Verizon America’s Choice Plan charges
$35 per month plus 20 cents for each additional minute af-
ter 300 minutes.

a) In addition to the 300 free minutes, how long would
Rich have to talk on the phone, in a month, for the two
plans to have the same total cost?

b) If Rich talks for 350 minutes a month, which plan
would be less expensive for him?

MODELING - Nut and Pretzel Mix Dave Chwalik wants
to purchase 20 pounds of party mix for a total of $30. To
obtain the mixture, he will mix nuts that cost $3 per pound
with pretzels that cost $1 per pound. How many pounds of
each type of mix should he use?

MODELING - Laboratory Research Animals in an experi-
ment are to be kept on a strict diet. Each animal is to re-
ceive, among other things, 20 g of protein and 6 g of car-
bohydrates. The scientist has only two food mixes of the
following compositions available.

Protein (%) Carbohydrates (%)
Mix A 10 6
Mix B 20 2

How many grams of each mix should she use to obtain the
right diet for a single animal?

MODELING - School Play Tickets Jefferson High School
sold 250 tickets to its annual school play. Student tickets
cost $2 per ticket and nonstudent tickets cost $5 per ticket.
If $950 in ticket sales is collected, how many tickets of
each type were sold?

MODELING - Golf Club Membership Membership in Oak-

wood Country Club costs $3000 per year and entitles a

member to play a round of golf for greens fee of $18. At

Pinecrest Country Club, membership costs $2500 per year

and the greens fee is $20.

a) How many rounds must a golfer play in a year for the
costs at the two clubs to be the same?




b) If Sally Sestini planned to play 30 rounds of golf in a
year, which club would be the least expensive?

53. MODELING - College Applications As the following graph
shows, from 1981 through 2000 the percentage of high
school students who applied to exactly one college de-
creased while the percentage of high school students who
applied to exactly five colleges increased. The percentage
of high school students who applied to one college (the
blue curve) can be approximated by the linear equation
y = —0.58x + 31, where x is the number of years since
1981. The percentage of high school students who applied
to five colleges (the red curve) can be approximated by the
linear equation y = 0.32x + 7. Assuming the present trend
continues, use the substitution method to approximate when
the percentage of high school students applying to one col-
lege will equal the percentage of high school students ap-
plying to five colleges.

Percentage of Students Who Applied to:

35%
e —
L One college
25
20
15
Five collegL_/
5
(LI e e e ) ) o) P B 3 R T )
1981 1985 1990 1995 2000

Source: U.S. News and World Report

54. MODELING - Drinking Coffee The following graph shows
how coffee consumption compared with consumption of

Beverage Consumption in the U.S.

. gallons per capita per year

50 Soft drinks _ ey
~

40

30 Coffee

20 — |
Bottled water

10
T¢

04— ——

1992 *93 ’94 °95 *96 *97 *98 99 2000

Source: U.S. Department of Agriculture
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other beverages from 1992 through 2000. The number of
gallons of coffee consumed per capita per year (the blue
curve) can be approximated by the linear equation

y = —1.13x + 27, where x is the number of years since
1992. The number of gallons of bottled water consumed
per capita per year (the red curve) can be approximated by
the linear equation y = 0.38x + 9. Assuming the present
trend continues, use the substitution method to approxi-
mate when the number of gallons per capita of coffee con-
sumed will equal the number of gallons per capita of bot-
tled water consumed.

Challenge Problems/Group Activities

55. Solve the following system of equations for # and v by
first substituting x for % and y for 3.

+

S |= S|

1
u
3
u

56. Develop a system of equations that has (6, 5) as its solution.

Explain how you developed your system of equations.

57. The substitution or addition methods can also be used to
solve a system of three equations in three variables. Con-
sider the following system.

b o T
x—y+2z=9
—x+2y+z=4

The ordered triple (x, y, z) is the solution to the system if it

satisfies all three equations.

a) Show that the ordered triple (2, 1, 4) is a solution to the
system.

b) Use the substitution or addition method to determine
the solution to the system. (Hint: Eliminate one vari-
able by using two equations. Then eliminate the same
variable by using two different equations.)

58. Construct a system of two equations that has no solution.
Explain how you know the system has no solution.

59. Construct a system of two equations that has an infinite
number of solutions. Explain how you know the system
has an infinite number of solutions.

Recreational Mathematics

60. In parts a)—d) make up a system of linear equations whose
solution will be the ordered pair given. Hint: It may be
helpful to visualize possible graphs that have the given so-
lution. There are many possible answers for each part.

a) (0,0) b) (1,0) ¢ (O, 1) d) (1,1

401
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7.3 MATRICES

DID YOU KNOW

Matvices Are
Euer)/wﬁem

HIGH SIERRA LOOP TRAIL

NO PETS ON TRAILS

ou are already familiar with

matrices, although you may
not be aware of it. The matrix is a
good way to display numerical data,
as illustrated on this trail sign in
Yosemite National Park.

We have discussed solving systems of equations by graphing, using substitution, and
using the addition method. In Section 7.4, we will discuss solving systems of linear
equations by using matrices. So that you will become familiar with matrices, in this
section, we explain how to add, subtract, and multiply matrices. We also explain how to
multiply a matrix by a real number. Matrix techniques are easily adapted to computers.

A matrix is a rectangular array of elements. An array is a systematic arrangement
of numbers or symbols in rows and columns. Matrices (the plural of matrix) may be
used to display information and to solve systems of linear equations. The following
matrix displays the responses from a survey of 500 students at Morgan State Univer-
sity. The students were asked if they were in favor of an increase in their student fees
to pay for building a new meeting room for student clubs.

Columns
! 1) I 1
Freshmen Sophomores Juniors  Seniors
E In favor 102 93 29 35
Rows
L Opposed 82 94 23 49 |

The numbers in the rows and columns of a matrix are called the elements of the
matrix. The matrix given above contains eight elements. The dimensions of a matrix
may be indicated with the notation r X s, where r is the number of rows and s is the
number of columns in the matrix. Because the matrix given above has 2 rows and 4
columns, it is a 2 by 4, written 2 X 4, matrix. In this text, from this point onward, we
use brackets, [ ], to indicate a matrix. Consider the two matrices below. A matrix
that contains the same number of rows and columns is called a square matrix. Fol-
lowing is an example of a 2 X 2 square matrix and a 3 X 3 square matrix.

4 6 -1
{2 3} 2 13 0
52

52 1

Two matrices are equal if and only if they have the same elements in the same
relative positions.

EXAMPLE 1 Equal Matrices
Given A = B, find x and y.

s Sl i |

| SOLUTION: Since the matrices are equal, the corresponding elements must be the

| same,sox = 2and y = 8. A

Addition of Matrices

Two matrices can be added only if they have the same dimensions (same number of
rows and same number of columns). To obtain the sum of two matrices with the same
dimensions, add the corresponding elements of the two matrices.
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ngXAMPLE 2 Adding Matrices

{ 3 4} [2 8} ,
A= .  B= . FindA + B.
3 4 0

SOLUTION: A + B = [ . 4} + {2 8]
c Wl 1 37 4 0

_[3+2 4+8}_{5 12]
THA A TR 3 7 A

~EXAMPLE 3 MODELING- Sales of Bicycles

| Peddler’s Bicycle Corporation owns and operates two stores, one in Pennsylvania

. and one in New Jersey. The number of mountain bicycles, MB, and racing bicycles,
RB, sold in each store during January through June and during July through De-
cember are indicated in the matrices that follow. We will call the matrices A and B.

Pennsylvania New Jersey

MB RB MB RB
Jan.—June [515 425} il [520 350} 5
July-Dec. [290 250] 1802 REL0

Find the total number of each type of bicycle sold by the corporation during each
| time period.

n SOLUTION: To solve the problem, we add matrices A and B.

MB RB MB RB
Jan.—June {515 + 520 425 + 350} {1035 775}
290 + 180 250 + 271 470 521

July—Dec.

We can see from the sum matrix that during the period from January through June,
a total of 1035 mountain bicycles and 775 racing bicycles were sold. During the pe-
riod from July through December, a total of 470 mountain bicycles and 521 racing
| bicycles were sold. A

Subtraction of Matrices

Only matrices with the same dimension may be subtracted. To do so, we subtract each
entry in one matrix from the corresponding entry in the other matrix.

~-EXAMPLE 4 Subtracting Matrices
Find A — Bif

SOLUTION:
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Multiplying a Matrix by a Real Number

A matrix may be multiplied by a real number by multiplying each entry in the matrix
by the real number. Sometimes when we multiply a matrix by a real number, we call
that real number a scalar.

EXAMPLE 5 Multiplying a Matrix by a Scalar
. For matrices A and B, find (a) 34 and (b) 3A — 2B.

o [ 1 4} thi [—1 3}
’ WL A5 30 sBiia s
| SOLUTION:

o3 30 e[ 1

b) We found 3A in part (a). Now we find 2B.
=] 2(=31 —
T e T e

.

5 6 2(5)  2(6) 10 12
3. 12 -2 6
e i {—9 15} ™ { 10 12}
:[3—(—2) 12—6]2[ 5 6}
-9 — 10 15— 12 -19 3 A

Multiplication of Matrices

Multiplication of matrices is slightly more difficult than addition of matrices. Multi-
plication of matrices is possible only when the number of columns of the first matrix,
A, is the same as the number of rows of the second matrix, B. We use the notation

A
3 X4
to indicate that matrix A has three rows and four columns. Suppose matrix A is a
3 X 4 matrix and matrix B is a 4 X 5 matrix. Then
A B
3 X4 4 X5

Same

Product matrix 3 X 5

This notation indicates that matrix A has four columns and matrix B has four rows.
Therefore, we can multiply these two matrices. The product matrix will have the same
number of rows as matrix A and the same number of columns as matrix B. Thus, the
dimensions of the product matrix are 3 X 5.

rEXAMPLE 6 Can These Matrices Be Multiplied?

| Determine which of the following pairs of matrices can be multiplied.

! 3 2 0 6
<a)A_[5 7}’ B_L 1}




One of the most useful applica-

tions of computer software is |

the spreadsheet. On a computer
screen, it looks very much like an
accountant’s ledger, but there the
similarities end. A spreadsheet uses
a matrix that assigns an identifying
number and letter, in maplike fash-
ion, to each “cell” in the matrix. The
data may be dates, numbers, or sums
of money. You instruct the computer
what operation to perform in each
column and row. You can change an
entry to see what effect this has on
the rest of the spreadsheet. The com-
puter will automatically recompute
all affected cells. The computer has

the capacity to store information in

thousands of cells and can reformat
the data in graph form.
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5 {2 4 —1}
i T
gc)A:{z 1 4} B=[2 1 3}
3 2 8/ 1-1,08 =2
| SOLUTION:
a)
‘ A B
2:%:2 D)
Because matrix A has two columns and matrix B has two rows, the two ma-
trices can be multiplied. The product is a 2 X 2 matrix.
b)
! A B
? P X3

Same

Because matrix A has two columns and matrix B has two rows, the two ma-
trices can be multiplied. The product is a 2 X 3 matrix.

QC)
A B
22X 3 2.%:3

Not Same

Because matrix A has three columns and matrix B has two rows, the two ma-
trices cannot be multiplied. .

To explain matrix multiplication let’s use matrices A and B that follow.

32
A={ } and B:[O 6}
5T 4 1

Since A contains two rows and B contains two columns, the product matrix will con-

‘tain two rows and two columns. To multiply two matrices, we use a row—column

scheme of multiplying. The numbers in the first row of matrix A are multiplied by the
numbers in the first column of matrix B. These products are then added to determine
the entry in the product matrix.

uxs= 20 Al

First row First column

M

(3X0)+(2x4)=0+38
=8
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PROFILE IN

MATHEMATICS

JAMES SYLVESTER,
WILLIAM ROWAN
HAMILTON, AND
ARTHUR CAYLEY

James Sylvester

Arthur Cayley

hree mathematicians played im-

portant roles in the development
of matrix theory: James Sylvester
(1814-1897), William  Rowan
Hamilton (1805-1865), and Arthur
Cayley (1821-1895). Sylvester and
Cayley cooperated in developing
matrix theory. Sylvester was the first
to use the term matrix. Hamilton, a
noted physicist, astronomer, and
mathematician, also used what was
essentially the algebra of matrices
under the name linear and vector
functions. The mathematical con-
cept of vector space grew out of
Hamilton’s work on the algebra of
vectors.

The 8 is placed in the first-row, first-column position of the product matrix. The
other numbers in the product matrix are obtained similarly, as illustrated in the matrix
that follows.

First row First column First row  Second column

O | O R I 8 |

(3X0)+(2%x4)=28 (3x6)+(2x1) =20
s}y

8 20
AXBZ{ ]

28 37

Second row  First column

2

(5 X 0) + (7% 4) =28

Second row  Second column

s [l

(5><6)+(7><1):3l7

We can shorten the procedure as follows.

(3 270 6
BB 1 7“4 1}
_[3(0) +2(4) 3(6) + 2(1)}
15(0) + 7(4) 5(6) + 7(1
[ 8 20]
28537

In general, if

A= {a b} and B = [e f},
¢ .d gwith
then
P {a bMe f} I [ae + bg af + bh}'
c djlg h ce +dg cf + dh

Let’s do one more multiplication of matrices.

~EXAMPLE 7  Multiplying Matrices

Find A X B, given

2.1 =
AI[ } and B=[6 : 3}
2 8 0

| SOLUTION: Matrix A contains two columns, and matrix B contains two rows. Thus,
. the matrices can be multiplied. Since A contains two rows and B contains three

* columns, the product matrix will contain two rows and three columns.




hen two parties pursue con-

flicting interests, the situation
can sometimes be described and
modeled in a matrix under a branch
of mathematics known as game the-
ory. Consider a famous problem
called “the prisoner’s dilemma.” A
pair of criminal suspects, A and B,
are being held in separate jail cells
and cannot communicate with each
other. Each one is told that there are
four possible outcomes: If both con-
fess, each receives a 3-year sen-
tence. If A confesses and B does not,
A receives a 1-year sentence, whereas
B receives a 10-year sentence. If B
confesses and A does not, B receives
a l-year sentence and A receives a
10-year sentence. Finally, if neither
confesses, each will be imprisoned
for 2 years. (Try arranging this situa-
tion in a matrix.)

If neither prisoner knows whether
the other will confess, what should
each prisoner do? A study of game
theory shows that it is in each pris-
oner’s best interest to confess to the |
crime.
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[2mri g =
axp=[7 1S L2
13 6112 S0

2(6) + 1(2) 2(—=1) + 1(8) 2(3) + 1(0)
13(6) + 6(2) 3(—1) +6(8) 3(3) + 6(0)
(14 "6 6}
130 45 9

It should be noted that multiplication of matrices is not commutative; that is,
A X B # B X A, except in special instances.

Square matrices have a multiplicative identity matrix. The multiplicative iden-
tity matrices for a 2 X 2 and a 3 X 3 matrix, denoted /, follow. Note that in any mul-
tiplicative identity matrix, 1’s go diagonally from top left to bottom right and all other
elements in the matrix are 0’s.

1 o L0 0
I=0 ) I=({0 1 0
O 0= £l

For any square matrix, A,A X [ =1 X A = A.

~EXAMPLE 8 Using the Identity Matrix in Multiplication

Use the multiplicative identity matrix for a 2 X 2 matrix and matrix A to show that
AXI=A

o

(=)

SOLUTION: The identity matrix is / =

4. (53
2
[4(1) + 3(0
12(1) + 1(0
_[4 3}214
[ 23541

-

AXI

I

4(0) + 3(1)

e
1]
)
) 2(0) +1(1)

Example 9 illustrates an application of multiplication of matrices.

~-EXAMPLE 9 A Manufacturing Application

The Fancy Frock Company manufactures three types of women’s outfits: a dress, a
two-piece suit (skirt and jacket), and a three-piece suit (skirt, jacket, and a vest). On
a particular day, the firm produces 20 dresses, 30 two-piece suits, and 50 three-
piece suits. Each dress requires 4 units of material and 1 hour of work to produce,
each two-piece suit requires 5 units of material and 2 hours of work to produce, and
each three-piece suit requires 6 units of material and 3 hours to produce. Use matrix
multiplication to determine the total number of units of material and the total num-
ber of hours needed for that day’s production.
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duced.

that day.

= [20(4) + 30(5) + 50(6)
= [530 230]

SOLUTION: Let matrix A represent the number of each type of women’s outfits pro-

Two Three
Dress piece piece
A= [20 30 50]

The units of material and time requirements for each type are indicated in matrix B.

Material Hours

4 1 Dress
B=]5 2
6 3 Three piece

Two piece

The product of A and B, or A X B, will give the total number of units of material
and the total number of hours of work needed for that day’s production.

4 1

AXB=120 30 50]| 5 2

6 3
20(1) + 30(2) + 50(3)]

Thus, a total of 530 units of material and a total of 230 hours of work are needed

A

mensions.

TIMELY TIP Matrices can only be added or subtracted if they have the same di-

Matrices can only be multiplied if the number of columns in the first matrix is
the same as the number of rows in the second matrix.

/= SECTION 7.3 EXERCISES

Concept/Writing Exercises
. What is a matrix?
. Explain how to determine the dimensions of a matrix.
. What is a square matrix?

1

2

3

4. How many rows does a 4 X 3 matrix have?

5. How many columns does a 3 X 2 matrix have?
6

. To add or subtract two matrices, what must be true about
the dimensions of those matrices?

7. a) In your own words, explain the procedure used to add
matrices.
b) Use the procedure given in part (a) to add

[1 4 —1] [ 3'%'5 —6]
and
3 "2 5 = R 4
8. a) In your own words, explain the procedure used to sub-
tract matrices.

b) Use the procedure given in part (a) to subtract

[8 4 2} [ 3§ =5 6}
from
0 2 il =2 3 4
9. a) To multiply two matrices, what must be true about the
dimensions of those matrices?

b) What will be the dimensions of the product matrix
when multiplying a 2 X 2 matrix with a 2 X 3 matrix?

10. a) In your own words, explain the procedure used to mul-
tiply matrices.
b) Use the procedure given in part (a) to multiply

[6 5 1] [2 —3}
by
5 0 1 —4
11. a) What is the multiplicative identity matrix fora2 X 2
matrix?

b) What is the multiplicative identity matrix fora 3 X 3
matrix?
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12. A company has three offices: East, West, and Central. In Exercises 27-32, determine A X B.
Each office has five divisions. The number of employees in 0 g
each division of the three offices is as follows: 27. A = }, B = [ }
East: 110, 232, 103, 190, 212 13 1 8 4
West: 107, 250, 135, 203, 189 Fi i oiig q e
Central: 115, 218, 122, 192, 210 28. A = 6]’ Bi= [_3 _2}
Express this information in the form of a 3 X 5 matrix. i
Yy 2
g3l sl
29. A = o o 6:|’ B=1|14
Practice the Skills - 1
In Exercises 13—16, determine A + B. L
L=l 1 1
30. A = ; B =
1Ee3 == 14 | —il 2
13. A = 5 . B = 7 5 3
4 7 6 ISROSE0)
O —4 — — a =
14_A=[2 3 7} B:[ 3 8} 3. A giiyh il L dgie Ry Ba T
4 0 -1 6 500 10 | e PP o (Gl sl
3.1 =4 L3 3.l 4 0
“ = =
p 15A=|0 4|, B=| 4 0 e 52 7}’ B [1 6
‘\ 6 0 L 1y
| 2 (T -1 35 ) In Exercises 33-38, determine A + Band A X B. If an
16.A=| -1 -6 4| B = 7 = i operation cannot be performed, explain why.
3 0ilv 73 2 3 8 [ L =
a5 &= 163 2}, B:[s 1 3}
14 0 3 2= el
In Exercises 17-20, determine A — B. r -
_ st A 2Bt e
B0 il —2} B_[—z 5} (208 uluig it
F AT g s 9 1 g
- q - (4 5
8 1 3013 35.A = 3], B = 4 6
62 sl
18. A = 2" B=|-4 5 =220
=3 =9 =0 6 ~
- e 3 18 52 1 2
—4 3 (o) 36.A=|3 4|, B=|3 4
19. A = 6 21, B ="l=—=0r ¢ —1l li:Shidi6 Sl
[F=ss 3w
- i F o e g e
55 il i Burn6 G AL B P
20.A=|7 -+ 2 s Bi= . =2: =4 =9 38A_'5 _1] B_lil 2]
M6 = RS =5 0. =D 4 . (6 Lol 3 4

g e 2100, In Exercises 39-41, show the commutative property of ad-

[1 2} [3 2} i [—2 3] dition, A + B = B + A, holds for matrices A and B.
= . — , an = i
0 5 55 5O 4 0 B ) 4 5
LA = . B =
ma=[, 3} ==[¢ 3]
Determine the following. (9 4 0 6
o w LT
21. 2B 22. —3B L= -1 5
23.2B + 3C 24. 2B + 3A o —1] [8 1}
41. A = , B =
25.3B — 2C 26. 4C — 2A 13 =4 3
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42. Make up two matrices with the same dimensions, A and B,

and show that A + B = B + A.

In Exercises 43—45, show that the associative property of
addition, (A + B) + C = A + (B + C), holds for the
matrices given.

43A_{5 2} B_[3 4} C_[—l 4}
T3 6 -2 10 5 0

4 1 -9 1 -6 -3
44.A_{6 7}, 3_[_7 2}, c_[ 7 J

45-A:[7 4]’ B:{ 5 6} C:{—7 -5
9 -—36 -1 —4 -1 3

46. Make up three matrices with the same dimensions, A, B,
and C, and show that (A + B) + C = A + (B + C).

In Exercises 47-51, determine whether the commutative
property of multiplication, A X B = B X A, holds for the
matrices given.

1 —2} B_[—l —3}
4 -3[ v aabis |
1 1
wa=[f 4] m i Y]
16 6 0 1
4
1

49. A =

47. A

= o _% _2

50. A = 3 } B=[ - 3}

| 6 =5 ~2  ~1
B | 1500
SLA=14 . 2 0k {B=|0"110
0 -2 5 0 0 1

52. Make up two square matrices A and B with the same di-
mensions, and determine whether A X B = B X A.

In Exercises 53—57, show that the associative property of
multiplication, (A X B) X C = A X (B X C), holds for
the matrices given.

53A_'1 3} B_[4 2} C_[z 1}
3 14 o) 2ty 3 0
54A*F_2 3} B_[4 0} C_[B, 4]
| L0 A4l 3 .50 -2 5
[ 4 3 e 4 3
A = B = , =
A | —6 2} [0 1} £ {o —2]
[ —2} 5 [1 0} C_[o 0}
7 -3 -4 0 32 (RN

|

Fhnacy 095 25
57.A = B= =
[—1 -2]’ {1 0}’ C [3 0}

58. Make up three matrices, A, B, and C, and show that
(AXB)XC=AX(BXC).

Problem Solving

59. MODELING - Cookie Company Costs The Original Cookie
Factory bakes and sells four types of cookies: chocolate
chip, sugar, molasses, and peanut butter. Matrix A shows
the number of units of various ingredients used in baking a
dozen of each type of cookie.

Sugar Flour Milk Eggs
2 2 % 1 | Chocolate chip
e 3 2 1 2 | Sugar
FED 1 0 3 | Molasses
% 1 0 0 | Peanut butter

The cost, in cents per cup or per egg, for each ingredient
when purchased in small quantities and in large quantities
is given in matrix B.

Large Small
quantities quantities
10 12 | Sugar
B 8 | Flour
B = :
8 8 | Milk
4 6 | Esss

Use matrix multiplication to find a matrix representing the
comparative cost per item for small and large quantities
purchased.




In Exercises 60 and 61, use the information given in Exer-
cise 59. Suppose a typical day’s order consists of 40 dozen
chocolate chip cookies, 30 dozen sugar cookies, 12 dozen
molasses cookies, and 20 dozen peanut butter cookies.

60. a) Express these orders as a 1 X 4 matrix.

b) Use matrix multiplication to determine the amount of
each ingredient needed to fill the day’s order.

61. Use matrix multiplication to determine the cost under the
two purchase options (small and large quantities) to fill the
day’s order.

62. MODELING - Food Prices To raise money for a local
charity, the Spanish Club at Montclair High School sold
hot dogs, soft drinks, and candy bars for 3 days in the
student lounge. The sales for the 3 days are summarized in
matrix A.

Hot Soft Candy
dogs  drinks bars

52 50 75 | Day1
A=|48 43 60 | Day2
62 57 81 | pay3
The cost and revenue (in dollars) for hot dogs, soft drinks,
and candy are summarized in matrix B.
Cost Revenue
0.30 0.75 | Hot dogs
B =1 0.25 0.50 | Soft drinks
0.15 0.45 | Candy bars

Multiply the two matrices to form a 3 X 2 matrix that
shows the total cost and revenue for each item.

In Exercises 63 and 64, there are many acceptable answers.

63. a) Construct two matrices A and B whose product is a
3 X 1 matrix. Explain how you determined your
answer.

b) For your matrices, determine A X B.

64. a) Construct two matrices A and B whose product is a
4 X 1 matrix. Explain how you determined your
answer. :

b) For your matrices, determine A X B.

Two matrices whose product is the multiplicative identity
matrix are said to be multiplicative inverses. That is, if

A X B = B X A = I, where I is the multiplicative identity
matrix, then A and B are multiplicative inverses. In Exer-
cises 65 and 66, determine whether A and B are multiplica-
tive inverses.

65A_{5 —2} B_{I 2}
[ -2 L2 D 5

7 3 f &g
A= B =
o [2 1}’ {—2 7}
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Challenge Problems/Group Activities
In Exercises 67 and 68, determine whether the statement is
true or false. Give an example to support your answer.
67. A — B = B — A, where A and B are any matrices.
68. For scalar a and matrices B and C,
a(B + C) = aB + aC.

69. MODELING - Sofa Manufacturing Costs The number of
hours of labor required to manufacture one sofa of various
sizes is summarized in matrix L.

Department

Cutting Assembly Packing

1.4hr 0.7hr 03hr | small
L=|18hr 1.4hr 0.3hr | Medium
2.7 hr "2.8hr 0.5 hr |¢tdge

Sofa

size

The hourly labor rates for cutting, assembly, and packing
at the Ames City Plant and at the Bay City Plant are given

in matrix C.
Plant
—

Ames Bay
City City
$14 $12 | cCutting
C = |1'$10 $9 | Assembly
$7 $5 | Packaging

Department

a) What is the total labor cost for manufacturing a small-
sized sofa at the Ames City plant?

b) What is the total cost for manufacturing a large-sized
sofa at the Bay City plant?

¢) Determine the product L X C and explain the meaning
of the results.

70. Is it possible that two matrices could be added but not mul-
tiplied? If so, give an example.

71. Is it possible that two matrices could be multiplied but not
added? If so, give an example.

Recreational Mathematics
72. Make up two matrices A and B such that

| EBS D) 0 0
+ B = XB'= ]
A+ B [ 1 } and A X B [O 0}

Internet/Research Activities

73. Find an article that shows information illustrated in matrix
form. Write a short paper explaining how to interpret the
information provided by the matrix. Include the article
with your report.

74. Messages The study of encoding and decoding messages is
called cryptography. Do research on current real-life uses
of cryptography and write a paper on how matrix multipli-
cation is used to encode and decode messages. In your pa-
per, include current real-life uses of cryptography.
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75. Graphing Calculator Some graphing calculators are able
to perform matrix operations such as addition, subtraction,
and multiplication. Read the instruction manual for your

CHAPTER 7 SYSTEMS OF LINEAR EQUATIONS AND INEQUALITIES

to evaluate Exercises 13, 15, 17, and 19 and Exercises 33,
35, and 37. Verify that your answers are the same as the
answers you obtained without the calculator.

graphing calculator and then use your graphing calculator

7.4 SOLVING SYSTEMS OF EQUATIONS
BY USING MATRICES

DID YOU KNOW

he earliest known use of a ma-

trix to solve linear equations ap-

peared in the ancient Chinese math-
ematical classic Jiuzhang Suanshu
(Nine Chapters on the Mathematical
Art) in about 200 B.c. The use of
matrices to solve problems did not
appear in the West until the nine-
teenth century. Perhaps the fact that
the Chinese used a counting board
that took the form of a grid made it
easier for them to make the leap to
the development and use of matri-
ces. The image above shows the

same type of counting board as ap- |

peared in a book dated 1795.

In Section 7.3, we introduced matrices. Now we will discuss the procedure to solve a
system of linear equations using matrices. We will illustrate how to solve a system of
two equations and two unknowns. Systems of equations containing three equations
and three unknowns (called third-order systems) and higher-order systems can also be
solved by using matrices.

The first step in solving a system of equations using matrices is to represent the
system of equations with an augmented matrix. An augmented matrix consists of two
smaller matrices, one for the coefficients of the variables in the equations and one for
the constants in the equations. To determine the augmented matrix, first write each
equation in standard form, ax + by = c. For the system of equations below, its aug-
mented matrix is shown to its right.

System of equations Augmented matrix

ax =l bly =€ |:a1 bl Cl}
(&)

a, by
Augmented matrix

i L

arx -1 bzy ]
Following is another example.

System of equations

3x —y=17 34, i tlia e 7
Note that the bar in the augmented matrix separates the numerical coefficients from
the constants. The matrix is just a shortened way of writing the system of equations.
Thus, we can solve a system of equations by using matrices in a manner very similar
to solving a system of equations with the addition method.

To solve a system of equations by using matrices, we use row transformations to
obtain new matrices that have the same solution as the original system. We will dis-
cuss three row transformation procedures.

Procedures for Row Transformations

1. Any two rows of a matrix may be interchanged (which is the same as interchang-
ing any two equations in the system of equations).

2. All the numbers in any row may be multiplied by any nonzero real number (which
is the same as multiplying both sides of an equation by any nonzero real number).

3. All the numbers in any row may be multiplied by any nonzero real number, and
these products may be added to the corresponding numbers in any other row of
numbers.
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We use row transformations to obtain an augmented matrix whose numbers to the
left of the vertical bar are the same as in the multiplicative identity matrix. From this
type of augmented matrix, we can determine the solution to the system of equations.

For example, if we get
[1 0 3}
05 e

ittellsus that Ix + Oy = 3 orx = 3,and Ox + ly = —2 or y = —2. Thus, the so-
lution to the system of equations that yielded this augmented matrix is (3, —2). Now
let’s work an example.

ffffff EXAMPLE 1 Using Row Transformations

Solve the following system of equations by using matrices.

x+2y=35
3x —y=8

SOLUTION: First we write the augmented matrix.

{1 2 5}
3. =118
Our goal is to obtain a matrix of the form
I: 1 0 C :|
0 1 (65)

where ¢| and ¢, may represent any real numbers. It is generally easier to work by
- columns. Therefore, we will try to get the first column of the augmented matrix to

| be (l) and the second column to be (1). Since the element in the top left position is

already a 1, we must work to change the 3 in the first column, second row, into a 0.

- We use row transformation procedure 3 to change the 3 into a 0. If we multiply the

' top row of numbers by —3 and add these products to the second row of numbers, the
element in the first column, second row will become a 0:

{1 2
il

The top row of numbers multiplied by —3 gives

S,
8

} Original augmented matrix

1 38}, 20 3) and 5(:=3)
- Now add these products to their respective numbers in row 2.

I 2
3F1(=3) =1+ 2(-3)

£

f% + 5(—3)] [ Ll) f/
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MATHEMATICS

Euar)/wkem

Woody from Toy Story

Did you ever wonder how the
characters in computer-gener-
ated movies such as Shrek and Toy
Story are created? To create the
graphics for computer-generated
films, an object is first represented
as a collection of geometric figures.
Each geometric figure is then repre-
sented as points in the Cartesian co-

ordinate plane. The coordinates of

the points representing the object are
written in columns in a matrix. Ma-
trix operations are used if an object
needs to be transformed by scaling,
stretching, reflecting, or translating
(see transformational geometry in
Section 9.5). For example, matrix
multiplication is used to translate the
character Woody, from the movies
Toy Story and Toy Story 2, from one
position to another.

To add a shadow to an object,
graphic artists perform several trans-
formations on the matrix represent-
ing the object. Each transformation
is created using matrix multiplica-
tion. The computer graphics used to
create special effects in video games
and used in areas such as medical
imaging, architectural engineering,
and weather forecasting are all
based on a mathematical object
called a matrix.

I The next step is to obtain a 1 in the second column, second row. At present, —7
| is in this position. To change the —7 to a 1, we use row transformation procedure 2.
' If we multiply —7 by —3, the product will be 1. Therefore, we multiply all the num-
. bers in the second row by —1to get

i

1

Ll)(—%) —3(—§) ‘ —3(—5)} 5 [(1) ?

The next step is to obtain a 0 in the second column, first row. At present, a 2 is in this
| position. Multiplying the numbers in the second row by —2 and adding the products
to the corresponding numbers in the first row gives a 0 in the desired position.

[(1)+0(—2) ?+1(—2) ?+1(—2)}:L1) (1) ﬂ

We now have the desired augmented matrix:
[1 0 3}
0 [

With this matrix, we see that 1x + 0y = 3, or x =
| The solution to the system is (3, 1).

3,andOx + 1y = l,ory = 1.

! Check:

x+2y=35 3x —y=28
3+2(1)=5 33) —1=38
5 =15 True 8 = 8 True 4

Now we give a general procedure to change an augmented matrix to the desired

form.
<
C

1
To Change an Augmented Matrix to the Form [0

Use row transformations to:

1. Change the element in the first column, first row, to a 1.

2. Change the element in the first column, second row, to a 0.
3. Change the element in the second column, second row, to a 1.

4. Change the element in the second column, first row, to a 0.

Generally, when changing an element in the augmented matrix to a 1, we use step
2 in the row transformation box on page 412. When changing an element to a 0, we
use step 3 in the row transformation box.

EXAMPLE 2 Using Matrices to Solve a System of Equations

Solve the following system of equations using matrices.

2x +4y =6
4x — 2y = =8
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| SOLUTION: First write the augmented matrix.
%

[2 4 6}
! 4 -2 | -8
To obtain a 1 in the first column, first row, multiply the numbers in the first row by 3.
[ Lo 2 3}
? 4 -2 | -8

| To obtain a 0 in the first column, second row, multiply the numbers in the first row
' by —4 and add the products to the corresponding numbers in the second row.

3y
=20

To obtain a 1 in the second column, second row, multiply the numbers in the second
| row by —15.

]

2

To obtain a 0 in the second column, first row, multiply the numbers in the second
. row by —2 and add the products to the corresponding numbers in the first row.

o

| The solution to the system of equations is (—1, 2). F

th sl —j R ‘ —2 ” 3(—4)} X [(1) —1(2)

-

{1 +(0)(=2) 2+ (1)(-2)

0 1 2 oMY

3+ (2)(—2)} L5 {1 0

Inconsistent and Dependent Systems

Assume that you solve a system of two equations and obtain an augmented matrix in
which one row of numbers on the left side of the vertical line are all zeroes but a zero
does not appear in the same row on the right side of the vertical line. This situation in-
dicates that the system is inconsistent and has no solution. For example, a system of
equations that yields the following augmented matrix is an inconsistent system.

[12
0 0

The second row of the matrix represents the equation

} Inconsistent system

Ox + 0y =4 or 0=4

which is never true.
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If you obtain a matrix in which a 0 appears across an entire row, the system of
equations is dependent. For example, a system of equations that yields the following
matrix is a dependent system.

[15
0 0

The second row of the matrix represents the equation

—6
0

} Dependent system

Ox + 0y =0 or 0=0

which is always true.

Triangularization Method

Another procedure to solve a system of two equations is to use row transformation
procedures to obtain an augmented matrix of the form

{1 a b]
0= 1 e
where a, b, and ¢ represent real numbers. This procedure is called the triangulariza-
tion method, because the ones and zeroes form a triangle.

When the matrix is in this form, we can write the following system of equations.

Ix +ay=0> x+ay=25b
or
Ox + 1y =c¢ y

Il

c

Using substitution, we can solve the system.
For example, in Example 2, in the process of solving the system we obtained the
augmented matrix
[l 2 3]
O 2

This matrix represents the following system of equations.

x+2y=3
y =12
To solve for x, we substitute 2 for y in the equation
x+2y=3
x F2(2) = 3
x+4=3

x=—1
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Thus, the solution to the system is (—1, 2), as was obtained in Example 2. You may
use either method when solving a system of equations with matrices unless your in-
structor specifies otherwise.

SECTION 74 EXERCISES

Concept/Writing Exercises 19.2x + y =11 20. 4x =3y =7
1. a) What is an augmented matrix? x+ 3y =18 —2x + 5y =14
b) Determine the augmented matrix for the following N
system. Problem Solving
x+3y=17 In Exercises 21-24, use matrices to solve the problem.
2x= yi=4 21. MODELING - Selling Flags Michael’s Arts and Crafts sells

small flags for $4 and large flags for $6. Recently, they sold
a total of 55 flags in a single day. If flag receipts for the day
totaled $290, how many of each type of flag were sold?

2. In your own words, write the three row transformation
procedures.

3. How will you know, when solving a system of equations
by using matrices, whether the system is inconsistent? ?

4. How will you know, when solving a system of equations
by using matrices, whether the system is dependent?

5. If you obtained the following augmented matrix when
solving a system of equations, what would be your next
step in completing the process? Explain your answer.

b 2
0. s 2§ ol

6. If you obtained the following augmented matrix when
solving a system of equations, what would be your next 2
step in completing the process? Explain your answer.

. MODELING - TV Dimensions Vita Gunta just purchased a
new high-definition television. She noticed that the

{iv sogreg perimeter of the screen is 124 in.. The width of the screen
I:O | ‘ 3] is 8 in. greater than its height. Find the dimensions of the
screen.
23. MODELING - On the Job Peoplepower, Inc., a daily em-
Practice the Skills ployment agency, charges $10 per hour for a truck driver

and $8 per hour for a laborer. On a certain job, the laborer

‘ In Exercises 7-20, use matrices to solve the system of equa- :
v feq worked two more hours than the truck driver, and together

s they cost $144. How many hours did each work?
7.x + 3y =3 8.x-y=5 24. MODELING - Sweefs If Meg Cohn buys 2 Ib of chocolate-
—-x+y=-3 2x —y=6 covered cherries and 3 1b of chocolate-covered mints, her
9. x — 2y = —1 10. x +y = —1 total .cost is $23. If she buys 1 1b of chocglate-covered
B 5 r cherries and 2 Ib of chocolate-covered mints, her total cost
2x+ty=8 Ay it is $14. Find the cost of 1 Ib of chocolate-covered cherries
1. 2x — 5y = —6 12. x +y =5 and 1 1b of chocolate-covered mints.
—4x + 10y = 12 3x—y=3
13.2x — 3y = 10 14. x + 3y =1
2x +2y =5 —2x+y=5
15.4x + 2y = —10 16. 4x + 2y = 6
—2x 'y =" S5x +4y =9
17. -3x + 6y =5 18. 2x — 5y = 10

2x —4y =8 3x +y=15
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Recreational Mathematics formation given? If so, determine the number of nonrefill-

25. MODELING - Fill in the Missing Information Pencil able and the number of refillable pencils the clerk ordered.

World sells two types of mechanical pencils to stationery

stores. The nonrefillable pencil sells for $1.50 each, and Internet/Research Activities

the refillable pencil sells for $2.00 each. Pencil World re- 26. Do research and write a paper on the development of ma-
ceived an order for 200 pencils and a check for $337.50 for trices. In your paper, cover the contributions of James
the pencils. When placing the order, the stationery store Joseph Sylvester, Arthur Cayley, and William Rowan
clerk failed to specify the number of each type of pencil Hamilton. (References include history of mathematics
being ordered. Can Pencil World fill the order with the in- books, encyclopedias, and the Internet.)

7.5 SYSTEMS OF LINEAR INEQUALITIES

In earlier sections, we showed how to find the solution to a system of linear equations
in two variables. Now we are going to explore the techniques of finding the solution
set to a system of linear inequalities in two variables.

The solution set of a system of linear inequalities is the set of points that satisfy
all inequalities in the system. The solution set of a system of linear inequalities may
consist of infinitely many ordered pairs. To determine the solution set to a system of
linear inequalities, graph each inequality on the same axes. The ordered pairs com-
mon to all the inequalities are the solution set to the system.

Procedure for Solving a System of Linear Inequalities

1. Select one of the inequalities. Replace the inequality symbol with an equal sign
and draw the graph of the equation. Draw the graph with a dashed line if the in-
equality is < or > and with a solid line if the inequality is = or =.

2. Select a test point on one side of the line and determine whether the point is a so-
lution to the inequality. If so, shade the area on the side of the line containing the
point. If the point is not a solution, shade the area on the other side of the line.

3. Repeat steps 1 and 2 for the other inequality.

4. The intersection of the two shaded areas and any solid line common to both in-
equalities form the solution set to the system of inequalities.

~EXAMPLE 1 Solving a System of Inequalities

- Graph the following system of inequalities and indicate the solution set.

Xty =12
x—y<4

SOLUTION: Graph both inequalities on the same axes. First draw the graph of

x + y < 2. When drawing the graph, remember to use a dashed line, since the in-
. equality is “less than” (see Fig. 7.10a on page 419). If you have forgotten how to

. graph inequalities, review Section 6.8.
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Now, on the same axes, shade the half-plane determined by the inequality

x — y < 4 (see Fig. 7.10b). The solution set consists of all the points common to
- the two shaded half-planes. These are the points in the region on the graph contain-
. ing both color shadings. Figure 7.10(b) shows that the two lines intersect at (3, —1).
. This ordered pair can also be found by any of the algebraic methods discussed i
- Sections 7.2 and 7.3.

~EXAMPLE 2 Solving a System of Linear Inequalities

Graph the following system of inequalities and indicate the solution set.

4x — 2y = 8
2%+ 3y*=5i6

SOLUTION: Graph the inequality 4x — 2y = 8. Remember to use a solid line, be-

|
i
7
H
§

2,0)

' cause the inequality is “greater than or equal to”; see Fig. 7.11(a).

Figure 7.1

/(0 -

(a)

Sl e
, ;2(0,-4)

Solution

(b)
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On the same set of axes, draw the graph of 2x + 3y < 6. Use a dashed line,
since the inequality is “less than”; see Fig. 7.11(b) on page 419. The solution is the
region of the graph that contains both color shadings and the part of the solid line
that satisfies the inequality 2x + 3y < 6. Note that the point of intersection of the
two lines is not a part of the solution set. A

EXAMPLE 3 Another System of Inequalities

Graph the following system of inequalities and indicate the solution set.

x = =2

y<3

SOLUTION: Graph the inequality x = —2; see Fig. 7.12(a). On the same axes,
graph the inequality y < 3; see Fig. 7.12(b). The solution set is that region of the
graph that is shaded in both colors and the part of the solid line that satisfies the in-
equality y < 3. The point of intersection of the two lines, (—2, 3), is not part of the
solution because it does not satisfy the inequality y < 3.

=1

(a)
Figure 7.12 A

SECTION 7.5 EXEREISES

Concept/Writing Exercises 7.x—y<4 8.3x—y=6

1. What is the solution set of a system of linear inequalities? x+y<53 r—y>4

2. In your own words, give the four-step procedure for solv- 9 xiti2y =4 10. x — 3y = 3
ing a system of linear inequalities. 3x—y=—6 x+2y=4

1Ly ="3x 12.y =4

Practice the Skills x = 3y x—y<l1

In Exercises 3—18, graph the system of linear inequalities 13. x = 1 4. x=0

and indicate the solution set. y=1 =0

3.y>x+3 4.x+y=1 15.4x + 2y > 8 16. 5y > 3x + 10
y > 2x = P8 Xi=ryh == 1 By D=3

5.y =x—4 6. x +y<4 17.3% =2y + 10 18:3x — 8y < 7

y< -—-2x+4 3x 29 =6 x=y+38 bl A UE o |
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Challenge Problems/ Group Activities ¢) Select a point in the solution set and determine the inven-
19. MODELING - Camcorder Sales Best Buy sells two models tory.cost for the two modelsthat corresponds (0 that pomt.
of a certain brand of camcorder. Based on demand, it is 20. Write a system of linear inequalities whose solution is the
necessary to stock at least twice as many units of Pana- second quadrant, including the axes.
sonic as Sony. The costs to the store for the two models are 21. a) Do all systems of linear inequalities have solutions?
$600 and $900, respectively. The management wants at Explain.
least 10 Panasonic camcorders and five Sony camcorders b) Write a system of inequalities that has no solution.

in inventory at all times and does not want more than
$18,000 in camcorder inventory at any one time.
a) Translate the problem into a system of linear inequalities.

22. Can a system of linear inequalities have a solution set con-
sisting of a single point? Explain.

b) Solve the system graphically. Graph inventory for Pana- 23. Can a system of linear inequalities have as its solution set
sonic on the horizontal axis and inventory for Sony on all the points on the coordinate plane? Explain your an-
the vertical axis. swer, giving an example to support it.

Recreational Mathematics

24. Write a system of linear inequalities that has the ordered
pair (0, 0) as its only solution. There are many possible
answers.

25. Write a system of linear inequalities that has the following
ordered pairs as some of its solutions. There are many
possible answers.

g3 53 (5 2), (L, =10 0), () (25 2)105,8)0

7.6 LINEAR PROGRAMMING

Government, business, and industry often require decision makers to find cost-
effective solutions to a variety of problems. Linear programming often serves as a
method of expressing the relationships in many of these problems and uses systems of
linear inequalities.

Graph of one constraint The typical linear programming problem has many variables and is generally so
lengthy that it is solved on a computer by a technique called the simplex method. The
simplex method was developed in the 1940s by George B. Dantzig. Linear program-
ming is used to solve problems in the social sciences, health care, land development,

Vertices nutrition, military, and many other fields.

We will not discuss the simplex method in this textbook. We will merely give a
brief introduction to how linear programming works. You can find a detailed explana-

Graph of other tion in books on finite mathematics.

S In a linear programming problem, there are restrictions called constraints. Each

constraint is represented as a linear inequality. The list of constraints forms a system

of linear inequalities. When the system of inequalities is graphed, we often obtain a

Figure 7.13 region bounded on all sides by line segments (Fig. 7.13). This region is called the

feasible region. The points where two or more boundaries intersect are called the
vertices of the feasible region. The points on the boundary of the region and the points
inside the feasible region are the solution set for the system of inequalities.

For each linear programming problem, we will obtain a formula of the form
K = Ax + By, called the objective function. The objective function is the formula
for the quantity K (or some other variable) that we want to maximize or minimize.
The values we substitute for x and y determine the value of K. From the information
given in the problem, we determine the real number constants A and B. In a particular
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tary problem of logistics: obtaining, maintaining, and transport- CHERMANVILLE
ing military equipment and personnel. George Dantzig developed the — 9¢°:_ -s"";;: \nv:gi o ;
simplex method for the Allies of World War II to do just that. Con- =22 \“xo‘. o, : Tmpdlde | (s
sider the logistics of the Allied invasion of Normandy. Meteorologic T D e \K\

experts had settled on three possible dates in June 1944. It had to be a
day when low tide and first light would coincide, when the winds
should not exceed 8 to 13 mph, and when visibility was not less than
3 miles. A force of 170,000 assault troops was to be assembled and
moved to 22 airfields in England where 1200 air transports and 700
gliders would then take them to the coast of France to converge with
5000 ships of the D-day armada. The code name for the invasion was
Operation Overlord, but it is known to most as D-day.

Winston Churchill called the invasion of Normandy “the most
difficult and complicated operation that has ever taken place.”

linear programming problem, a typical equation that might be used to find the maxi-
mum profit, P, is P = 3x + 7y. We would find the maximum profit by substituting
the ordered pairs (x, y) of the vertices of the feasible region into the formula
P = 3x + 7y to see which ordered pair yields the greatest value of P and therefore
the maximum profit. The ordered pair that yields the smallest value of P determines
the minimum profit.

Linear programming is used to determine which ordered pair will yield the maxi-
mum (or minimum) value of the variable that is being maximized (or minimized). The
fundamental principle of linear programming provides a rule for finding those maxi-
mum and minimum values.

Fundamental Principle of Linear Programming

If the objective function, K = Ax + By, is evaluated at each point in a feasible re-
gion, the maximum and minimum values of the equation occur at vertices of the
region.

Linear programming is a powerful tool for finding the maximum and minimum
values of an objective function. Using the fundamental principle of linear program-
ming, we are quickly able to determine the maximum and minimum values of an ob-
jective function by using just a few of many points in the feasible region.

Example 1 illustrates how the fundamental principle is used to solve a linear pro-
gramming problem.

EXAMPLE 1 MoODELING - Using the Fundamental Principle
of Linear Programming

The Ric Shaw Chair company makes two types of rocking chairs, a plain chair and a
- fancy chair. Each rocking chair must be assembled and then finished. The plain chair




v 4x+ 12y =180
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(40, 0)

Figure 7.14
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* takes 4 hours to assemble and 4 hours to finish. The fancy chair takes 8 hours to as-
- semble and 12 hours to finish. The company can provide at most 160 worker-hours of

assembling and 180 worker-hours of finishing a day. If the profit on a plain chair is
$25 and the profit on a fancy chair is $40, how many rocking chairs of each type

- should the company make per day to maximize profits? What is the maximum profit?

SOLUTION: From the information given, we know the following facts.

Assembly Finishing
Time (hr) Time (hr) Profit ($)
- Plain chair 4 4 25.00
- Fancy chair 8 12 40.00
Tuet
x = the number of plain chairs per day

= the number of fancy chairs per day

=
|

25x = profit on the plain chairs
40y
P,

profit on the fancy chairs

the total profit

The total profit is the sum of the profit on the plain chairs and the profit on the fancy
- chairs. Since 25x is the profit on the plain chairs and 40y is the profit on the fancy
chairs, the profit formula is P = 25x + 40y.

The maximum profit, P, is dependent on several conditions, called constraints.

- The number of chairs manufactured each day cannot be a negative amount. This con-

dition gives us the constraints x = 0 and y = 0. Another constraint is determined by
the total number of hours allocated for assembling. Four hours are needed to assem-

- ble the plain chair, so the total number of hours per day to assemble x plain chairs is

4x. Eight hours are required to assemble a fancy chair, so the total number of hours
needed to assemble y fancy chairs is 8y. The maximum number of hours allocated
for assembling is 160 per day. Thus, the third constraint is 4x + 8y = 160. The fi-
nal constraint is determined by the number of hours allotted for finishing. Finishing
a plain chair takes 4 hours, or 4x hours to finish x plain chairs. Finishing a fancy

.chair takes 12 hours, or 12y hours to finish y fancy chairs. The total number of hours
. allotted for finishing is 180 per day. Therefore, the fourth constraint is

-~ 4x + 12y = 180. Thus, the four constraints are

x =0

y=0
4x + 8y = 160
4x + 12y = 180

The list of constraints is a system of linear inequalities in two variables. The so-

' lution to the system of inequalities is the set of ordered pairs that satisfies all the
. constraints. These points are plotted in Fig. 7.14. Note that the solution to the system
- consists of the colored region and the solid boundaries. The points (0, 0), (0, 15),

(30, 5), and (40, 0) are the points at which the boundaries intersect. These points can
also be found by the addition or substitution method described in Section 7.2.



424 CHAPTER 7 SYSTEMS OF LINEAR EQUATIONS AND INEQUALITIES

The goal in this example is to maximize the profit. The objective function is
given by the profit formula P = 25x + 40y. According to the fundamental princi-
ple, the maximum profit will be found at one of the vertices of the feasible region.

Calculate P for each one of the vertices.

P = 25x + 40y
At (0,0), P = 25(0) + 40(0) = 0
At (0, 15), P = 25(0) + 40(15) = 600
At (30,5), P = 25(30) + 40(5) = 950
At (40, 0), P = 25(40) + 40(0) = 1000
| The maximum profit is at (40, 0), which means that the company should manu-
+ facture 40 plain rocking chairs and no fancy rocking chairs. The maximum profit

would be $1000. The minimum profit would be at (0, 0), when no rocking chairs of
either style were manufactured. A

A variation of the problem in Example 1 could be that the company knows that it
cannot sell more than 15 plain rocking chairs per day. With this additional constraint,

y we now have the following set of constraints.
25 x=0
X, =45
(15, 10)
: y=0
445.0) 4x + 8y = 160
5| 5.10152025303540 ¥
: 4x + 12y = 180
Figure 7.15 The graph of these constraints is shown in Fig. 7.15.

The vertices of the feasible region are (0, 0), (0, 15), (15, 10), and (15, 0). To de-
termine the maximum profit, we calculate P for each of these vertices:

P = 25x + 40y
At (0,0), P = 25(0) + 40(0) = 0
At (0, 15), P = 25(0) + 40(15) = 600
At (15, 10), P = 25(15) + 40(10) = 775
At (15,0), P = 25(15) + 40(0) = 375

This set of constraints gives the maximum profit of $775 when the company
manufactures 15 plain rocking chairs and 10 fancy rocking chairs.

~EXAMPLE 2 MODELING - Washers and Dryers, Maximizing Profit

The Alexander Appliance Company makes washers and dryers. The company must
manufacture at least one washer per day to ship to one of its customers. No more

. than 6 washers can be manufactured due to production restrictions. The number of
dryers cannot exceed 7 per day. Also, the number of washers cannot exceed the
number of dryers manufactured per day. If the profit on each washer is $20 and the
profit on each dryer is $30, how many of each appliance should the company make
! per day to maximize profits? What is the maximum profit?
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washers and 7 dryers to maximize their profit. The maximum profit is $330.
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SOLUTION: Let

x = the number of washers manufactured per day

y = the number of dryers manufactured per day
20x = the profit on washers
30x = the profit on dryers
= the total profit

The maximum profit is dependent on several constraints. The number of appliances
manufactured each day cannot be a negative amount. This condition gives us the
constraints x = 0 and y = 0. The company must manufacture at least one washer
per day; therefore, x = 1. No more than 6 washers can be manufactured per day;
therefore, x = 6. No more than 7 dryers can be manufactured per day; therefore,
y = 7. The number of washers cannot exceed the number of dryers manufactured
per day; therefore, x = y. Thus, the six constraints are

% = 0y =i0x0i= lox = 6,9-=T %=y

Since 20x is the profit on x washers and 30y is the profit on y dryers, the objec-
tive function, the profit formula, is P = 20x + 30y. Figure 7.16 shows the feasible
region. The feasible region consists of the shaded region and the boundaries. The
vertices of the feasible region are the points (1, 1), (1, 7), (6, 7), and (6, 6).

Next we calculate the value of the objective function, P, at each one of the
vertices.

P = 20x + 30y

At(1,1), P =20(1) + 30(1) = 50
At(1,7), P =20(1) + 30(7) = 230
At(6,7), P =20(6) + 30(7) = 330
At (6,6), P =20(6) + 30(6) = 300

The maximum profit is at (6, 7). This means the company should manufacture 6

Use the following steps to solve a linear programming problem.

Solving a Linear Programming Problem

1. Determine all necessary constraints.

2. Determine the objective function.

3. Graph the constraints and determine the feasible region.

4. Determine the vertices of the feasible region.

5. Determine the value of the objective function at each vertex.

The solution is determined by the vertex that yields the maximum or minimum value
of the objective function.
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Concept/Writing Exercises

1. What are constraints in a linear programming problem?
How are they represented?

2. In a linear programming problem, how is a feasible region
formed?

3. What are the points of intersection of the boundaries of the
feasible region called?

4. What is the general form of the objective function?

5. In your own words, state the fundamental principle of lin-
ear programming.

6. A profit function is P = 4x + 6y and the vertices of the
feasible region are (1, 1), (1, 4), (5, 1), and (7, 1). Deter-
mine the maximum profit. Explain how you determined
your answer.

Practice the Skills

Exercises 7 and 8 show a feasible region and its vertices.
Find the maximum and minimum values of the given objec-
tive function.

7. K = 6x + 4y 8. K = 2x + 3y

y y
3
(0, 4) 60
49 50
y (2,3) (10, 40)
i i (50.30)
= 30
' (5,0) 20
b # 10
0,00] 1 2 3 4 5 6 X (20, 10) (50, 10)
10 20 30 40 50 60 X

In Exercises 9—14, a set of constraints and a profit formula
are given.
a) Draw the graph of the constraints and find the ver-
tices of the feasible region.
b) Use the vertices as obtained in part (a) to determine
the maximum and minimum profit.

9. %ty =5 10. 2x + 3y = 12
2x + y =8 2x+y=8
xi=:0 x =0
Yoz 0 y=0
P =5x + 4y P =2x + 4y

11. x + y = 4 12. x + y = 50
X%+ By='6 x+ 3y =90
x =10 x =10
y=0 y=0
P =17x + 6y P = 20x + 40y

¢ SECTION 7.6 EXERCISES

13.4x + 3y = 12

3x + 4y = 36 Tx + 4y = 28

x = 2 x =2

¥ =3 X =10

y=1 y =1

P = 2.20x + 1.65y P =15.13x + 935y

Problem Solving

15. MODELING - Stocking Film A camera store stocks two
brands of film, Kodak and Fuji. The manager does not
want to keep more than 24 rolls of film on hand. She
wants to stock at least twice as many rolls of Kodak film
as Fuji film. She also wants to stock at least 4 rolls of Fuji
film. Assume that she makes a profit of $0.35 on Kodak
film and a profit of $0.50 on Fuji film.

a) List the constraints.

b) Determine the objective function.

¢) Graph the set of constraints.

d) Determine the vertices of the feasible region.

e) How many rolls of each brand of film should she stock
to maximize her profit?

f) Determine the maximum profit.

16. MODELING - On Wheels The Boards and Blades Company
manufactures skateboards and in-line skates. The company
can produce a maximum of 20 skateboards and pairs of in-
line skates per day. It makes a profit of $25 on a skate-
board and a profit of $20 on a pair of in-line skates. The
company’s planners want to make at least 3 skateboards
but not more than 6 skateboards per day. To keep cus-
tomers happy, they must make at least 2 pairs of in-line
skates per day.

a) List the constraints.

b) Determine the objective function.

¢) Graph the set of constraints.

d) Determine the vertices of the feasible region.

e) How many skateboards and pairs of in-line skates
should be made to maximize the profit?

f) Find the maximum profit.

Central Park, New York City



Chapter 7 Summary 427

17. MODELING - Paint Production A paint supplier has two

machines that produce both indoor paint and outdoor

paint. To meet one of its contractual obligations, the com-

pany must produce at least 60 gal of indoor paint and 100

gal of outdoor paint. Machine I makes 3 gal of indoor

paint and 10 gal of outdoor paint per hour. Machine II

makes 4 gal of indoor paint and 5 gal of outdoor paint per

hour. It costs $28 per hour to run machine I and $33 per

hour to run machine II.

a) List the constraints.

b) Determine the objective function.

¢) Graph the set of constraints.

d) Determine the vertices of the feasible region.

e) How many hours should each machine be operated to
fulfill the contract at a minimum cost?

f) Determine the minimum cost.

Challenge Problems/Group Activities

18. MODELING - Hot Dog Profits To make one package of all-

beef hot dogs, a manufacturer uses 1 b of beef; to make
one package of regular hot dogs, the manufacturer uses
11b each of beef and pork. The profit on the all-beef hot
dogs is 40 cents per pack and the profit on regular hot
dogs is 30 cents per pack. If there are 200 Ib of beef and

CHAPTER 7 SUMMARY

IMPORTANT FACTS

Systems of equations

Inconsistent

W y /
Li nk
L

AZ

One solution

Consistent

No solution

Dependent

3
Line 2
il

Infinite number
of solutions

19.

150 Ib of pork available, how many packs of all-beef and
regular hot dogs should the manufacturer make to maxi-
mize the profit? What is the profit?

MODELING - Car Seats and Strollers A company makes
car seats and strollers. Each car seat and stroller passes
through three processes: assembly, safety testing, and
packaging. A car seat requires | hr in assembly, 2 hr in
safety testing, and | hr in packaging. A stroller requires 3
hr in assembly, 1 hr in safety testing, and 1 hr in packag-
ing. Employee work schedules allow for 24 hr per day for
assembly, 16 hr per day for safety testing, and 10 hr per
day for packaging. The profit for each car seat is $25 and
the profit for each stroller is $35. How many units of each
type should the company make per day to maximize the
profit? What is the maximum profit?

Internet/Research Activity

20.

Methods of solving systems of equations
1. Graphing
2. Substitution
3. Addition (or elimination) method
Multiplicative identity matrix

Fundamental principle of linear programming

If the objective function K = Ax + By is evaluated at
each point in a feasible region, the maximum and mini-
mum values of the equation occur at vertices of the region.

Operations research draws on several disciplines, includ-
ing mathematics, probability theory, statistics, and eco-
nomics. George Dantzig was one of the key people in
developing operations research. Write a paper on Dantzig
and his contributions to operations research and linear
programming.

o 1]
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CHAPTER 7

71

In Exercises -4, solve the system of equations graphically.
If the system does not have a single ordered pair as a solu-
tion, state whether the system is inconsistent or dependent.

l.x=3 252 i yi=nS
y=4 -3x+y=35
3.x=3 4, x + 2y =5
x+y=35 2x + 4y = 4

In Exercises 5-8, determine without graphing whether the
system of equations has exactly one solution, no solution,
or an infinite number of solutions.

5.y=2x+5 6. 2y — 4x = 12
3y —2x =15 2y = 4x + 15
7. 6y — 2x = 20 8. 2x —4y =38
4y + 2x = 10 =2x -+t y=6
72

In Exercises 9—12, solve the system of equations by the
substitution method. If the system does not have a single
ordered pair as a solution, state whether the system is
inconsistent or dependent.

Ol —x '+ y =12 10. x — 2y =9

x+2y=-3 y=2x—3
11.2x —y =4 12. 3x.+ 3 =.1
3% — =2 3y =—-9x — 4

In Exercises 13—18, solve the system of equations by the ad-
dition method. If the system does not have a single ordered
pair as a solution, state whether the system is inconsistent
or dependent.

.

13. x — 2y =1 14. 2x + y =2
2% +y =T =3% =Y =10

15.x+y=2 16. 4x — 8y = 16
x+3y=-2 x—2y=4

17. 3x + 5y = 15 18. 3x + 4y = 6
2x + 4y =0 2x — 3y =4

REVIEW EXERCISES
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Gi A—[l “} dB—[_2 ~S]dz ine th
iven ) 4l 6 3 |» determine the

following.

19. A+ B 20. A - B

21. 2A 22, 2A = 3B

23.. AX B 24. B X A
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In Exercises 25-30, use matrices to solve the system of
equations.

25.x +2y =6 26. —x +y=4
x+y=4 x+2y=2
27.2x +'y =3 28.2x + 3y =2
Ixiaayimal 2 4x — 9y =4
29.x +3y=3 30. 3x — 6y = —9
3x —2y=12 4x + S5y = 14
71-74

31. MODELING - Borrowing Money A company borrows
$600,000 for 1 year to expand its product line. Some of
the money was borrowed at an 8% simple interest rate and
the rest of the money was borrowed at a 10% simple inter-
est rate. How much money was borrowed at each rate if
the annual interest was $53,000?

32. MODELING - Chemistry In chemistry class, Mark Damon
has an 80% acid solution and a 50% acid solution. How
much of each solution should he mix to get 100 liters of a
75% acid solution?

33. MODELING - A Salesman’s Earnings Tom Northrup, an
electronics salesman, earns a weekly salary plus a com-
mission on sales. In one week, his salary on sales of
$4000 was $660. The next week, his salary on sales of
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$6000 was $740. Determine his weekly salary and his 7.5

commission rate. : ; ) i
In Exercises 3639, graph the system of linear inequalities

34. MODELING - Cool Air Emily Richelieu needs to purchase and indicate the solution set.
a new air conditioner for the office. Model 1600A costs

$950 to purchase and $32 per month to operate. Model 36.y =3x — 1 37.2x + y < 8
6070B, a more efficient unit, costs $1275 to purchase and y > —2xqd4l =0 o
$22 per month to operate. 38.x+3y=6 305y 5

a) After how many months will the total cost of both 2% — Ty="14 6x + 5y = 30

units be equal?
b) Which model will be the more cost effective if the life 7.6

of both units is guaranteed for 10 years? 40. For the following set of constraints and profit formula,

35. MODELING - Minimizing Parking Costs The cost of park- graph the constraints and find the vertices. Use the ver-
ing in All-Day parking lot is $5 for the first hour and tices to determine the maximum profit.
$0.50 for each additional hour. Sav-a-Lot parking lot costs x+y=10
$4.25 for the first hour and $0.75 for each additional hour. 2% + 1.8y = 18
a) In how many hours would the total cost of parking at gl
All-Day and Sav-a-Lot be the same? x=0
b) If Mark McMahon needed to park his car for 5 hr, y=0
which parking lot would be less expensive? P = 6x + 3y

CHAPTERT Thal

1. From a graph, explain how you would identify a con- ! -5
sistent system of equations, an inconsistent system of In Exercises 10-12, for A = 1 3 and
equations, and a dependent system of equations. L
2. Solve the system of equations graphically. BES { 5 2}, determine the following. |

i Ferw e 10.A+B 11.3A-B 12 AXB
\ =20 # yi=a=1l Caas 4 el
| 13. Graph the system of linear inequalities and indicate

3. Determine without graphing whether the system of the solution set.

equations has exactly one solution, no solution, or an

infinite number of solutions. y<-2x+2

VX D
4x + 5y =6
Solve Exercises 14 and 15 by using a system of equations.
—3x -+ S5yi=13
14. MODELING - A Coffee Blend Louis DiMento plans to
Solve the system of equations by the method indicated. mix coffee that sells for $6 per pound with coffee that
4.x—y=5 5.y=5c+7 sells for $7.50 per pound to get a 30 1b blend that sells
i ot for $7 per pound. How many pounds of each type

e y=12x+1 should Louis use?

(substitution) (substitution) ]
6.x—y=4 7.4x + 3y =5

2x +y=5 2x + 4y = 10

(addition) (addition)
8.3x +4y=6 9. x + 3y =4

2x — 3y = S5x + 7y =4

(addition) (matrices)



430 CHAPTER 7 SYSTEMS OF LINEAR EQUATIONS AND INEQUALITIES

15. MODELING - Checking Accounts The charge for 16. The set of constraints and profit formula for a linear
maintaining a checking account at Union Bank is $6 programming problem are
per month plus 10 cents for each check that is written.

The charge at Citrus Bank is $2 per month and 20 x+3y=6
cents per check. 4x + 3y = 15
a) How many checks would a customer have to write =10
in a month for the total charges to be the same at Vi 0
both banks? X
b) If Brent Pickett planned to write 14 checks per Bi=i5x gt 3y
month, which bank would be the least expensive? a) Draw the graph of the constraints and determine

the vertices of the feasible region.
b) Use the vertices to determine the maximum and
minimum profit.

SROVE BT

1. Make up three different systems of equations that indicate the minimum number the company must man-
have (1, 4) as a solution. Explain how you deter- ufacture of each model.
mined your systems. a) Write the set of constraints.

b) Write the objective function.
¢) Graph the set of constraints.

Linear Programming d) Determine the number of bookcases of each type
the company should manufacture in order to maxi-
2. MODELING - Profit from Bookcases The Bookholder mize profits.
Company manufactures two types of bookcases out of e) Determine the maximum profit.

oak and walnut. Model 01 requires 5 board feet of oak
and 2 board feet of walnut. Model 02 requires 4 board
feet of oak and 3 board feet of walnut. A profit of $75 is , , ,
made on each Model 01 bookcase and a profit of $125 3. a) Write a word problem that can be solved by using a

Create Your Own Word Problem

is made on each Model 02 bookcase. The company has system of two equations with two unknowns.
a supply of 1000 board feet of oak and 600 board feet b) For the problem in part (a), write the system of
of walnut. The company has orders for 40 Model 01 equations and find the answer.

bookcases and 50 Model 02 bookcases. These orders . ¢) Explain how you developed the problem in part (a).




